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Abstract—The scattering of the�- and�-polarized plane waves
by a thin flat homogeneous magneto-dielectric strip is considered.
Assuming the strip to be thinner than the wavelength, we shrink
its cross-section to the median line where the generalized boundary
conditions are imposed. The numerical solution is built on two sin-
gular integral equations discretized using Nystrom-type numerical
algorithm. The obtained results demonstrate fast convergence and
good agreement with data known for the limiting values of the strip
parameters. This opens a way to the accurate numerical analysis
of various striplike configurations simulating natural objects and
electromagnetic circuit components, both in traditional microwave
applications and nanophotonics.

Index Terms—Discrete mathematical model, generalized
two-side boundary conditions, scattering cross-sections, singular
and hyper-singular integral equations, strip scatterer.

I. INTRODUCTION

S TRIPS and striplike scatterers are frequently met in mi-
crowave and photonic devices because of their simple man-

ufacturing with the existing etching and printing technologies.
Their thickness usually makes a fraction of the free-space elec-
tromagnetic wave length while the width can be smaller, compa-
rable to and larger than the wavelength. This combination of pa-
rameters makes both quasistatic and high-frequency methods of
analysis inapplicable and thus the full-wave methods are manda-
tory. Still the small thickness suggests that the analysis can be
simplified by neglecting the internal field of the strip and con-
sidering only the limiting values of the field components. Mate-
rials of such scatterers vary greatly, and so vary their theoretical
models, from perfect electrically conducting (PEC) to resistive
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and impedance strips. In the optical range, the model of PEC
scatterer is not applicable at all, even for the scatterers made
of the noble metals like gold and silver. All mentioned dictates
a necessity of the development of new accurate mathematical
models and convergent numerical methods for the scattering by
the thin magneto-dielectric strips.

In this paper, the two-dimensional (2-D) electromagnetic
wave scattering and absorption by a flat material strip is char-
acterized using the two-side generalized boundary conditions
(GBC) and singular integral equations (IEs) [1]. The novelty
of the paper is, first, in the use of the special type of GBC
proposed in [2]–[4], valid for a thin and high-contrast material
layer. This is unlike the important earlier studies [5]–[8], where
a small material contrast was implied. Second, to solve the
IEs we develop a fast and convergent Nystrom-type numerical
algorithm having controlled accuracy.

There are many techniques for building the numerical
solutions to the IEs in the 2-D scattering by the striplike
structures including PEC and imperfect strips, e.g., dielectric
and impedance, both stand-alone and periodically structured:
the Galerkin moment method [9], the inverse Fourier trans-
form method [10], and, apparently the most advantageous, the
method of analytical regularization [11]–[17]. The last of the
mentioned guarantees convergence of numerical solutions and
provides 3–4 digit accuracy with a relatively small number
of unknowns. Besides, recently the Nystrom-type numerical
techniques using the quadratures and interpolation-based dis-
cretization have attracted attention of researchers [18]–[23].
They have been already demonstrated as convergent, economic
and simple in implementation for the modeling of the scat-
tering by PEC zero-thickness flat and curved strips [20]–[27].
Therefore here we are going to extend them to the analysis of
stand-alone imperfect flat strips.

The paper is organized as follows. In Section II, we formu-
late the plane-wave scattering problem for a thin material (mag-
neto-dielectric) flat strip using GBS and obtain the basic IEs.
Section III describes details of the proposed Nystrom-type nu-
merical algorithm. In Section IV, we demonstrate and discuss
the numerical results for various strips. Conclusions are sum-
marized in Section V.

II. FORMULATION AND BASIC EQUATIONS

A. Formulation

Consider the 2-D scattering problem for a magneto-dielec-
tric strip of the width and thickness , characterized with the
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Fig. 1. Geometry of the problem.

relative material constants and . Suppose that the strip is
illuminated by an -polarized electromagnetic plane wave inci-
dent at the angle measured from the -axis (Fig. 1). The time
factor is assumed as and omitted.

The total magnetic field has only -component, which can be
represented as a sum, , where

is the incident plane wave ( being the free-
space wavenumber) and is the scattered field.

Outside of the strip surface the total field is required to sat-
isfy the Helmholtz equation. Assuming that the strip is thin, we
follow [2]–[4], replace the strip cross-section with its central
line, , and impose, on , the
following two-side generalized boundary conditions,

(1)

(2)

where is the one-side unit normal vector on .
Note that such GBC appear provided that two sides of the

strip have identical properties. They allow us to eliminate from
consideration the field inside the strip. This is done at the ex-
pense of introducing the so-called relative electric and magnetic
resistivities, and . Note also that PEC boundary conditions
follow from (1) and (2) if and . In the case of

-polarization, the function should be understood as the
electric field -component and the values and in (1) and
(2) exchange their places. Additionally, must satisfy
Sommerfeld radiation condition at infinity and condition of the
local energy finiteness in any finite domain enclosing an edge
point. This scattering problem is uniquely solvable (see [1]).

B. Resistivities

According to three independent derivations [2]–[4] that are in
agreement with each other, relative electric and magnetic resis-
tivities of a thin homogeneous material layer are found as

(3)

where is the relative material impedance. The
formulas (3) are valid under the conditions that and

, i.e., a high contrast is implied [3]. This is important
difference from the model used in [5]–[8] that required a small
contrast, . Note that and can, in principle,
be the functions of .

C. Singular Integral Equations

We assume that in the case of arbitrary -polarized (or -po-
larized) incident wave the solution of the problem can be found
as a sum of the single-layer and double-layer potentials

(4)

where is the Hankel function, and and are
the unknown surface currents of magnetic and electric type in-
duced on the strip. It is obvious from the characteristics of the
potentials that thus defined function satisfies Helmholtz equa-
tion off and the referred above radiation condition.

Using GBC and the properties of the limit values of potentials
when crossing the integration contour, we reduce our problem
to two decoupled IEs (see also [4], [7]) with logarithmic-type
and hyper-type singularities, respectively

(5)

(6)

where . Note that in the case of the -polar-
ization the scattering problem is reduced to two IEs like (5) and
(6) where and exchange their places.

III. DISCRETE MODEL OF THE PROBLEM

A. Discretization Using the Quadratures

Introduce dimensionless value and unknown func-
tion , and change
the variable to , . Then the IEs take form as

(7)

(8)

The principal terms of the asymptotic expansions of the
Hankel functions at are given by
and , respectively. Hence,
the kernel functions of (7) and (8) can be presented as

(9)

(10)

where and are smooth functions.
Therefore, the hyper-singular integral in (8) is understood in

the sense of finite part by Hadamard.
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For the discretization of (7) we use the Simpson quadrature
formulas (see [28]) with the equidistant grid ,
after performing the transformation,

(11)

where . For IE (8),
we use quadrature formulas of interpolation type (see [19]) with
the nodes at , , which are
nulls of the Chebyshev polynomials of the second kind. After
substituting the unknown function with the Lagrange in-
terpolation polynomial of order , we have

(12)

(13)

(14)

As a result, we obtain two decoupled matrix equations,

(15)

(16)
Here, and are the unknown values of the sur-

face current functions in the Simpson and Chebyshev nodes,
respectively, and , are smooth functions are the
right-hand parts of IEs (7) and (8) in the same nodes.

We do not write here the coefficients as they are easily
derived using the classical Simpson quadratures [28] however

(17)

Note that , are the Chebyshev polynomials of the
1st and 2nd kind, respectively. On solving the matrix equations

we obtain approximate solutions to our SIEs in the form of in-
terpolation polynomials for the unknown surface currents. The
quadrature formulas ensure rapid convergence of the approxi-
mate solutions to the accurate ones (for the proof, see [18]–[23])
if and , respectively.

B. Scattering Characteristics

Using the large-argument asymptotics for the Hankel func-
tions in the kernels of (4), the scattered field in the far zone can
be represented as , where
is the scattering pattern. It is found as

(18)

The total and backward scattering cross sections (TSCS and
BSCS) (the latter quantity is also known as monostatic radar
cross-section) characterize the total scattered power and that re-
flected back to the source, respectively

(19)

If the strip material is lossy, the heating losses are character-
ized by the absorption cross-section (ACS)

(20)

that is linked to TSCS by the optical theorem

(21)

IV. NUMERICAL RESULTS AND DISCUSSION

A. Convergence

To see the actual rate of convergence, we computed the root-
mean-square deviations of the norms of the surface current func-
tions, and ,
versus the matrix orders ,

(22)

The plots in Fig. 2 demonstrate fast decrement of error in the
H-wave case if the size of the quadrature formulas increases (the
errors in the scattering cross-sections decay even faster).

B. H-Case: Validation

To validate our algorithm, in Fig. 3, we present the normal-
ized-frequency dependences of TSCS and BSCS for three strips
illuminated by the normally incident -wave.

Note that the cross sections are normalized by their high-fre-
quency limits for a PEC strip under broadside illumination, that
is by and , respectively. The PEC-strip results are pre-
sented with solid curves and show perfect agreement with the
data known from the published papers and reference books (see
[29]–[31]). Two other sets of curves are for the heavy-lossy
dielectric strips. Note that the curves for the most lossy strip
are very close to the PEC-strip curves. This is expected as, if

, then and .
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Fig. 2. The computation errors as a function of the quadrature orders, � and
�, for the strips with � � �� � � and different values of � (� � ���).

Fig. 3. Normalized TSCS and BSCS as a function of � for the scattering of a
normally incident (� � ���)�-wave by the PEC strip (solid) and by the lossy
dielectric strips with � � � � ��� (dashed) and � � � � ����� (dotted);
	 � 
����, � � � � ���.

In Fig. 4, TSCS (a) and BSCS (b) are presented as a function
of the incidence angle for the three dielectric strips and a PEC
strip of the normalized width .

As one can see, the curves corresponding to the densest strip
nicely coincide with the PEC-strip curves for all angles of inci-
dence except of where the latter curves go to zero.

Additional validation comes from the fact that in all cases the
optical theorem (21) was satisfied with minimum 7 digits. We
do not make comparison here with MoM computations because
this has been already highlighted in [22], [23].

Fig. 4. Normalized TSCS (a) and BSCS (b) as a function of the H-wave inci-
dence angle for the strip with � � ��; other parameters are as in Fig. 3.

C. H-Case: Transversal Resonance

As mentioned above, the material strip model that is based on
the GBC (1), (2) and resistivity formulas (3) takes into account
the thickness of the strip even if it is larger than the wavelength
in the strip material. Therefore it is interesting to analyze the
scattering by the thin strips of varying width made of the di-
electrics with relatively large real parts.

In Figs. 5 and 6, we present the frequency scans of the nor-
malized cross-sections for , under the normal and
inclined incidences, respectively. Note that the permittivity of

approximately corresponds to dry wood or paper at
microwave frequencies. The “paper” strip scattering character-
istics remain small and vary monotonically in the whole studied
range. Another value taken here, , is less usual
however can be associated with one of the novel colossal-per-
mittivity materials, see [32].

For such a strip, a single resonance appears around .
This is the frequency at which the infinite material slab is almost
transparent for a normally incident plane wave as its thickness
is a half-wavelength in the material ( ).

Therefore this is a transversal resonance of infinite slab. For
a finite strip, satisfaction of the same condition leads to the
drop in BSCS at the normal incidence (Fig. 5(a)) and to the
disappearance of the specular-scattering lobes in the in-reso-
nance far-field patterns. Visualization of the in-resonance total
near-field patterns shows that the central part of the strip re-
mains transparent and the shadows are produced only by the
strip edges—see Figs. 5(b) and 6(b). In this resonance, ACS dis-
plays maximum for any incidence angle.
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Fig. 5. Normalized TSCS, BSCS and ACS (a) as a function of � for the nor-
mally incident H-wave (� � ���) scattering by thin dielectric strips with
� � �� � � (dotted curves) and � � ���� � � (solid curves); the scattered
far-field and the total near-field patterns at � � ����� (b); � � 	 � ���.

Fig. 6. The same as in Fig. 6 for the inclined (� � ��	) incidence of 
-wave
(a); the field patterns at � � ����� and � � ����� � (b).

If the incidence is inclined then the BSCS plot displays a
sequence of periodic low-intensity oscillations (Fig. 6(a)). Their
nature will be discussed in the next sub-section.

Fig. 7. Normalized TSCS and BSCS and relative resistivities �
� and ��� as a
function of � (a), and scattered far-field and total near-field patterns for � � ��

(b) for the scattering by a dielectric strip with � � �� � � and � � ����;
� � 	 � ��� under the edge-on incidence of H-wave.

D. H-Case: Edge-on Incidence

Flat zero-thickness PEC strips are invisible at the edge-on
incidence of the -polarized plane wave. In contrast, material
strips remain visible even at the edge-on incidence as they still
scatter and absorb the -wave. Note that in this case and
hence as follows from (6).

In Figs. 7(a) and 8(a), we present the dependences of the nor-
malized TSCS, ACS and BSCS on the normalized strip width,
for two dielectric strips with and
under the edge-on illumination, respectively.

Note that BSCS remains small however displays a sequence
of low-level periodic oscillations with period of that corre-
sponds to the increment of the strip width by . These maxima
and minima are explained by the in-phase and anti-phase con-
tributions of the leading and trailing edges of the strip to the
backscattered field. They are not connected to the natural modes
of the strip as open resonator.

Such explanation is proven be the fact that the locations of
the minima and maxima do not depend on the value of .

The “paper” strip TSCS and ACS also remain small and vary
monotonically in the whole studied frequency range. However
the denser strip characteristics (Fig. 8(a)) demonstrate the
transversal resonance around that has been discussed
in the previous section. The far-field scattering patterns and the
total near-field patterns in Figs. 7(b) and 8(b) reveal that, in
either case, the field is dominated by the forward scattering and
the shadow, respectively.
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Fig. 8. The same as in Fig. 7 for � � ����� � and � � ����� in (b).

E. -Polarization Case: Longitudinal Resonances

The alternative case of the -polarized plane wave scattering
is considered similarly to the -case. It reduces to two IEs like
(7) and (8) however with and exchanging their places. For-
mally small difference, it entails major modifications in the be-
havior of the cross sections.

In Fig. 9, presented are the normalized TSCS, BSCS and ACS
values as a function of the frequency parameter for -polar-
ized plane wave incident normally and in the edge-on manner.
The strip has the permittivity and thickness

. Unlike the -wave case, here one can see many
sharp resonances in the scattering and absorption. These reso-
nances correspond to the natural Fabry-Perot-like modes of
a thin dielectric strip where and hence are lon-
gitudinal resonances.

As it is suggested by the effective refractive index model
of a thin dielectric layer [33], the approximate characteristic
equation for such resonances is , where

as follows from (1) and (2). This
quantity is a function of the frequency and layer material; it ap-
pears as the normalized propagation coefficient of the -polar-
ized principal guided wave ( ) of the infinite layer.

In Fig. 10, we show the dependences of the real and imagi-
nary parts of on for the corresponding dielectric layer.
One can verify that the roots of the mentioned equation, marked
in Fig. 9 as stars above the axis, are indeed close to the reso-
nances.

Note that in the case of the -polarization the corresponding
effective refractive index of a thin strip is found to be

. This value is much closer to 1 than
(even if ) and therefore no associated sharp longi-
tudinal resonances are visible in Figs. 6 and 8.

Fig. 9. Normalized TSCS, BSCS and ACS as a function of � for the scattering
by the strip with � � �������� for the normal (a) and edge-on (b) incidence
of �-wave; other parameters are � � �����, and � � 	 � ���.

Fig. 10. The real and imaginary parts of 
 and relative resistivity ��� as a
function of � for the strip with � � ��� � ����.

Finally, Fig. 11 presents the field patterns in four resonances
for the normally-incident plane -wave scattering (because of
the symmetry of excitation only the longitudinal strip modes

corresponding to odd values of are excited). As one can
see, the in-resonance far fields display sizable scattering in the
strip plane, in addition to the intensive shadow and specular scat-
tering.

Note that these results can be viewed as partial justification
of the empiric effective refractive index model of a thin dielec-
tric strip that enables one to reduce the dimensionality when
searching for the frequencies of longitudinal resonances.
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Fig. 11. The field patterns in the � mode resonances (� � �,3,5,7) for the
normal incidence of plane wave on the strip with � � ��� � ���� and � �

����� at 	 � ���� (a), 	 � ���� (b), 	 � ���	 (c) and 	 � 	�
� (d);

 � � � �	�.

V. CONCLUSIONS

We have presented an efficient and accurate method to an-
alyze the scattering by a thin flat magneto-dielectric strip in
free space illuminated by a plane electromagnetic wave. This
method of numerical modeling is based on two decoupled log-
singular and hyper-singular IEs for the electric and magnetic
surface currents on the strip and uses their direct discretization
with the aid of the special quadrature formulas of interpolation
type. In contrast to the conventional moment method with local
basis functions it has guaranteed convergence and controlled ac-
curacy of computations. Besides, it is simpler in implementation
than the analytical regularization methods.

We have presented the numerical results for the - and -po-
larization cases and investigated the scattering and absorption

properties of the lossy dielectric strips, including the field be-
havior in the far and near zones. In the case of the -polariza-
tion, a transversal resonance has been studied. This resonance
results in good transparency of the strip at the normal incidence
of plane wave, so that only the edges contribute to the scattering.
We have also given special consideration to the edge-on inci-
dence case because thin magneto-dielectric strips remain visible
in this case even under the -wave illumination, unlike the PEC
strips.

In the case of the -polarization, we have demonstrated the
sequence of resonances in the scattering and absorption. They
are explained as the longitudinal Fabry-Perot resonances of the
natural wave of the corresponding dielectric layer traveling from
one end of the thin strip to another. Such an effect is absent in
the -polarization case because of much smaller propagation
constant of the corresponding natural wave of the same dielec-
tric layer.

Thus we have built a relatively universal mathematical model
that enables one to investigate a wide class of the flat material
striplike scatterers in the resonance range.
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