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TE-Case RCS Analysis of Finite-Thickness Slotted
Circular Cylinder Loaded With Lossy Filling

Andriy E. Serebryannikov, Member, IEEE, and Alexander I. Nosich, Fellow, IEEE

Abstract—A generalized model is developed to study the TE-po-
larized plane wave scattering by coated and uncoated slotted cir-
cular cylinders of nonzero thickness and by a filled and not filled
circular cylinders with sectorial cuttings. The mathematical treat-
ment is based on the coupled integral equations (IEs) with respect
to the tangential electric field at the slot/cutting apertures. The
Galerkin method with weighted Gegenbauer polynomials as basis
functions is used to convert IEs to a set of linear algebraic equa-
tions. Numerical simulations of the radar cross section (RCS) are
carried out in the case of single slot/cutting in order to reveal the
effect of thickness. Potentials of three approximations to the field in
the slot/cutting domain are studied. Their use enables one to sub-
stantially accelerate the RCS calculations.

Index Terms—Cavity-backed aperture (CBA), coating, Galerkin
method, radar cross section (RCS), slot.

I. INTRODUCTION

SCATTERING of plane electromagnetic waves by and pen-
etration into cavity-backed apertures (CBA) have been ex-

tensively investigated during the past two decades. It was mainly
motivated by the applications such as control of radar cross sec-
tion (RCS), shielding electromagnetically-sensitive enclosures,
and enhancing the compatibility of microwave systems. This
problem has been studied for different two-dimensional (2-D)
cylindrical structures, by many authors with the aid of various
analytical [1], numerical [2]–[11], and approximate asymptotic
approaches [12]–[17]. An efficient analytical (perturbational)
approach, the resonant mode expansion, was developed in [1].
A lot of numerical studies devoted to CBA have been carried
out by applying IE [2]–[10] and the mode-matching [11] tech-
niques. The most efficient, analytical regularization (precon-
ditioning) approach combining analytical and numerical tech-
niques was used in [13]–[17].

The afore-mentioned approaches have been applied to var-
ious CBA geometries, whose far and near-field characteristics
were calculated. In the most cases, infinitely thin cylindrical
shells with and without interior filling have been studied: cir-
cular shells [1], [7], [9], [14], [15], rectangular shells [7], [10],
and arbitrary shape shells [5], [6], [8]. In [2] the interior of mul-
tiple-aperture circular shell presented a finite number of mate-
rial layers and concentric shells with multiple apertures. A great
attention has been also paid to the structures containing inner
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or/and outer lossy coatings [3], [12], [16], [17] used for damping
the potentials of RCS resonances. The other type of the CBA
shaped as a circular conducting cylinder with the sectorial cut-
ting was considered in [4]. Cylindrical structures with nonzero
thickness and without coating were studied in [8], [11].

The main aim of this work is to develop an approach able to
describe a wide class of CBA of the circular and sectorial ge-
ometries of the inner cavity, with an account of nonzero thick-
ness of the shell, multiple apertures, and lossy coating. Hence,
our model covers much wider class of CBA than those studied
before. Our approach is close to that used in [18] for calcula-
tions of cutoff wavenumbers of a ridge circular waveguide with
nonzero thickness of the ridges. As in [18], we use here the cou-
pled IEs technique and the Galerkin method to obtain the set of
linear algebraic equations. It is well-known that the efficiency of
a solution for the structure showing the edges strongly depends
on whether a specific behavior of the field at the edges is taken
into account. To do this, appropriate basis functions should be
used when applying the Galerkin method. The weighted co-
sine functions were employed in [18]. However, the use of the
weighted orthogonal polynomials as basis functions is consid-
ered to be more appropriate. For example, the weighted Cheby-
shev polynomials [19] of the first kind have been used in [2], [3]
in the case of infinitely thin shell. Since in our case the thick-
ness is nonzero, it is the most appropriate to use the Gegenbauer
polynomials [19].

We develop a theory, which treats geometry with arbitrary
(nonzero) thickness of the metallic shell, and apply it to numer-
ical study of the thickness effect on dependences of RCS on
frequency and geometrical parameters (GPs). The paper is or-
ganized as follows. In Section II, we present the general formu-
lation of the problem and three approximations to the field in the
slot/cutting domain. Sample numerical results are presented and
discussed in Section III in special case of a single slot/cutting.
The frequency, slot/cutting aperture angle, and shell thickness
dependences of RCS are presented there, and demonstrate inter-
esting features. Special attention is paid to the study of potentials
of the approximate solutions based on the above-mentioned ap-
proximations. The paper is finished with a short conclusion.

II. THEORY

A. Problem Formulation

Fig. 1(a) shows a generic geometry, which corresponds to a
PEC finite-thickness cylinder with the inner radius and the
outer radius . The cylinder has slots. The symmetry axis of
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Fig. 1. Geometry of the structures studied: (a) slotted circular metallic shell of nonzero thickness coated with lossy material from inside and (b) circular cylinder
with the sectorial cuttings filled with lossy materials. In case (a), the slots filled with a lossy material and the lossy inner coating are shown by more and less dark
half-tones of grey, respectively. In case (b), different half-tones correspond to different lossy materials filling sectorial cuttings. PEC segments at � � � � � (a)
and at � � � (b) are shown in white.

a slot and its angular dimension are noted by and , respec-
tively, . There is a lossy inner coating with rela-
tive material parameters and , which occupies the domain

. The slot domain,
is filled in with a lossy material characterized

by the relative parameters and . A special case is shown
in Fig. 1(b), that is a circular cylinder whose sectorial cut-
tings are filled in with the lossy materials. This case is obtained
from the general one by setting .

The structure is illuminated by the plane wave as shown in
Fig. 1 . The time dependence has been as-
sumed and suppressed throughout the paper. In the general case,

component at (domain I) is expanded as follows:

(1)

where is the free-space wavenumber. In the coating (domain
II), it is expanded as

(2)

In the slots (domain III), we have

(3)

and, finally, in the outer space (domain IV), is presented as
a sum of the incident and scattered fields as follows:

(4)

In (1)–(4), , and are unknown
coefficients, which represent the amplitudes of the space har-
monics, whose upper indices and indicate the cosine and
sine dependence in , respectively; , and are the

th order Bessel, Neumann, and second-kind Hankel functions,
respectively; and are the
wavenumbers in the inner coating and slot domains, respec-
tively; ; the index of cylindrical functions
in each slot domain, , is chosen is such a manner
that vanishes at the walls of the slot, i.e., at .

B. Basic Equations for Arbitrary Shell

In order to find the unknown coefficients in (1)–(4), the
boundary conditions are used. First of all, let satisfy the con-
tinuity of the component on the slot openings, i.e., at

,
and the vanishing of at the PEC segments,

at and at
. We use the boundary conditions at in order to

exclude the coefficients from further consideration. This
yields

(5)

where

(6)

and are the
derivatives of the corresponding functions with respect to the
arguments, and are the wave
impedances of the free space and the coating/filling material,
respectively.

Now introduce two auxiliary functions for each slot, which
represent the angular dependence of at the inner and outer
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apertures,
, as follows:

(7)

(8)

Using the orthogonality of the sine and cosine functions, van-
ishing of at the PEC segments, and relation between and

components, we obtain the coefficients , and
. Substituting them into expressions for (1)–(4), and then

into the boundary conditions on the slot apertures

(9)

(10)

we obtain IEs with respect to unknown angular distribution
of the component at the apertures. First of these equations
take into account the geometry of the domains III and IV and
characteristics of the incident wave. These equations are

(11)

where is the Kronecker delta, and
. The other equations account for the geometry of

the domains I, II, and III. They are given by

(12)

The factors and , which appear in (11) and (12),
depend on the angular dimension and location of corresponding
slot and expressed as follows:

(13)

(14)

where at and at ,
and . The factors , and
taking into account the radial composition of the shell
are given by

. The factors
depending on the radial geometry of the slots are given by

and

where
and . The factors

are given by

(15)

where
while of the local coordinate system corresponds to the
symmetry axis of the th slot, i.e., .
is obtaned from (15) where is replaced by . The factors

are given by

(16)

is given by (16) where is replaced by .
In order to convert (11), (12) into the set of algebraic equa-

tions, we apply the Galerkin method. Thus, we express
and as follows:

(17)

(18)

where and are unknown coefficients, are the
basis functions, which take into account the field behavior at
the edges.

Substituting (17), (18) into (11), (12), multiplying them with
for each , and then integrating over at the range from
to , we arrive after some manipulations at the following

set of linear algebraic equations with respect to the coefficients
and :

(19)

(20)

Here,

(21)

(22)

(23)
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where if and
if

(24)

(25)

We use here

(26)

where is the Gegenbauer polynomial of
the order [19]. In this case,

if , and
are simultaneously either even or odd, and

otherwise. At odd and
. At even

and . The factors are given by
where

if and
if , and is gamma

function.
If there is no inner coating, one should use

. In the case of sectorial geometry shown
in Fig. 1(b), one should assume that . Then we obtain,
instead of (19) and (20), a single equation

(27)

where , and
.

C. Expression for RCS

Once the coefficients are found, the backscattering
cross section is calculated as

(28)

where is the amplitude of the incident field, which is
assumed to be 1

(29)

with

(30)

Using the large-argument asymptotic of the Hankel function
[19] we obtain

(31)

where and the asterisk means the com-
plex conjugate. Further we use the RCS normalized by the geo-
metrical optics RCS value for the closed PEC cylinder

(32)

D. Approximations

A simplified version of (19), (20) can be derived for the thin
wall approximation (TWA), that is , where

. In this case, all cylindrical
functions in terms of , and are replaced with the
first terms of their Taylor series. This results in substantial sim-
plification of the calculation of the terms accounting for the ef-
fect of the slots. We obtain for them that

(33)

(34)

(35)

Another useful approximation has been obtained in the case
of rather narrow slot/cutting, .
Here, the large-order asymptotic of the cylindrical functions
[19] is applied to , and . If , then

(36)

(37)

(38)

(39)

(40)

These expressions are obtained by neglecting the terms of the
order . The expressions for , and given in
Section II-B are still used in the framework of this approxima-
tion, which we refer to as the narrow slot approximation (NSA).
The use of one of these two approximations enables one to avoid
(TWA) or reduce (NSA) computing the cylindrical functions
corresponding to the slot domains.

We will use one more approximation, which is based on the
use of a single basis function in the Galerkin method .
Thus we call it the single basis function approximation (SBFA).
If , the use of SBFA allows one to obtain analytical
solutions for and .

III. NUMERICAL RESULTS AND DISCUSSION

Extensive computations have been carried out by using the
developed theory for the structures showing a single slot/cut-
ting. Dependences of RCS on the problem parameters have been
studied. All results are presented in terms of the normalized
RCS given by (32). It is assumed that and .
We consider lossy coatings/fillings of two types, which are the
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Fig. 2. Demonstration of the effect of the basis functions number on the
frequency dependence of the normalized RCS. The structure shows a large
aperture opening, symmetric orientation of the slot, very small thickness of
the metallic shell, and is coated with lossy electric material. Dotted, dashed,
dash-dotted, and solid lines correspond to M = 1; 3; 5, and 7, respectively.
Circles—solution for the zero-thickness cylinder (� =� = 1) obtained in [17]
using the analytical regularization approach.

same as those considered in [16] and [17] at . Hence,
the results obtained therein can be used as the entry point when
studying the effect of the shell thickness. These coatings/fillings
are made of shellac, natural XL
[20] and poly-2.5-dichlorostyrene

[12]. Further we refer to them as lossy electric and lossy
magnetic coatings/fillings, respectively.

To demonstrate the effect of on the frequency dependence
of RCS, very thin metallic shell with a lossy electric coating is
chosen, while the number of terms in the sums over and in
(19), (20), (22), (23), (27), and (29) is kept rather large (Fig. 2).
This metallic shell shows a geometry, which is almost the same
as in [17], as it has . The normalized frequency
is shown in units of . One can see that quite fast conver-
gence with occurs in the considered range of -variation.
The presented results are in good agreement with those obtained
in [17] for the zero-thickness shell with the aid of the analytical
regularization approach. In most cases, the number of the re-
quired basis functions can be estimated as

(41)

In Fig. 2, the curves obtained at and coincide, while
(41) gives at . Note that since symmetric
orientation of the slot is considered, the even basis functions

do not affect RCS values in this case.
Fig. 3 shows dependence of the RCS versus , for three

structures with rather large aperture openings, in the case of
symmetric orientation of the slot. Note that the metallic shell in
Fig. 3(a) shows the same geometry as that in Fig. 2. The obtained
results are also in a good agreement with those obtained in [17]
in the cases of magnetic coating and uncoated slotted cylinder,
that confirms a possibility to apply the developed model in case
of very thin shell for rather arbitrary materials (compare Figs. 2
and 3(a) with [17, Fig. 3(a)]). The main feature, which can be
seen on the frequency dependence of RCS, is that sharp reso-
nances occur that manifest themselves as extrema in the RCS.
All the peaks are damped by the lossy inner coating. As a result,

the average level of RCS of coated CBA within some frequency
range is much lower as compared to uncoated CBA, and even to
the closed PEC cylinder. The origin of the observed resonances
is explained in [16], [17], [21], [22]. One can find there several
useful analytical estimates for the RCS and resonant frequen-
cies.

Comparing the cases (a) and (b) in Fig. 3, one can see that
the increase of the shell thickness leads to the shift of the ex-
trema occurring in the frequency scan including the low-fre-
quency peak corresponding to the shifted zero pseudo-eigen-
value [17], which is also called the Helmholtz mode [21]. How-
ever, the shift is stronger for the modes, which originate from
the eigenmodes of the closed circular cylinder. Another mani-
festation of the effect of the increasing thickness is a substantial
decrease of the average level of RCS of the coated CBA that
occurs at . This is rather related to the increase of the
coating thickness than to that of the shell, so far as an averaged
RCS weakly depends on the shell thickness in case of uncoated
CBA. The RCS value in the low-frequency resonance decreases
with increase of the thickness, or even disappears if is large
enough. An interesting feature is observed near to : the
larger the coating thickness, the narrower the slot, and the larger

, the closer a curve for the coated CBA to that for the closed
cylinder. Thus, the effect of the interior is weakening
and its equivalent impedance introduced at the outer aperture
becomes closer to that of the PEC wall.

Results obtained for nonsymmetric and back-
side orientations of the slot for the structure geometry
from Fig. 3(a) are also in good agreement with those obtained
in [17] (see [17, Figs. 4(a) and 5(a)]). For these orientations, the
thickness variation does not lead to any qualitative change in
the frequency dependence. The case of shows both
ranges with a slowly varying RCS-value and those with sharp
extrema. In this case one can observe a growth of the maxima
for the uncoated CBA while the shell thickness is decreased.
An average RCS for a coated cylinder tends to that of the closed
cylinder if . The larger , the more pronounced this
effect. The case with is characterized by the decreasing
of the RCS value in the low-frequency resonance and its further
disappearance if the thickness increases. If , the curves
obtained both for the coated and uncoated CBAs tend to coin-
cide in average with the curve obtained for the closed cylinder.

Fig. 3(c) shows the RCS versus for the circular structure
shown in Fig. 1(b) at . It is worth to note a weak effect
of the inner filling in the low-frequency range: all the curves
coincide there, i.e., the equivalent impedance of the interior is
very close to zero in all these cases. Except for this range, the
effect of the filling is stronger than for the structures with
and .

The trends revealed in the frequency dependence of the
RCS for the wide opening are observed for narrower open-
ings as well—see Fig. 4. The decrease of results in that
the low-frequency resonance becomes more sensitive to the
coating/filling material and the extrema shifts caused by the
thickness increasing become smaller. In vicinity of ,
the decrease of leads to the decreasing difference in RCS
between the coated CBA and closed cylinder. If is rather
large, the RCS for CBA with lossy electric and lossy magnetic
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Fig. 3. Frequency dependences of the normalized RCS of CBA with wide symmetric angular aperture opening: (a) thin and (b) thick shells and (c) cylinder with
the sectorial cutting. Solid, dash-dotted, dashed and dotted lines correspond to the structures with lossy electric and lossy magnetic coatings (fillings), a slotted
uncoated structure, and a closed circular cylinder, respectively.

Fig. 4. Frequency dependence of the normalized RCS of CBA with narrow symmetric angular aperture opening: (a) thin shell and (b) metallic cylinder with
the sectorial cutting. Solid, dash-dotted, dashed and dotted lines correspond to the structures with lossy electric and lossy magnetic coatings (fillings), a slotted
uncoated structure, and a closed circular cylinder, respectively.

inner coatings apparently show a trend to coincide in average.
Deep minima with near-zero values are observed for an un-
coated/unfilled structure. We have to note that all the trends
and features seen in Figs. 3 and 4 occur in a wide range of the
variation of at least from 10 to 60 .

The numerical results were obtained using a PC with AMD
Athlon 1 GHz processor and 512 MB memory. CPU time re-
quired to obtain a curve in Figs. 2–4 consisting of 800 values of
the RCS at is about 4 min, and can be substantially re-
duced if the recurrent formulas are used to calculate the combi-
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Fig. 5. Dependences of the normalized RCS on the angular size of the aperture opening for the structures with lossy electric coating (filling) having symmetric
orientation: (a) thin shell, (b) thick shell, and (c) metallic cylinder with a cutting. Solid, dashed and dotted lines correspond to the numerically accurate solution,
NSA, and SBFA, respectively. Solid and dashed lines marked as A in cases (a)–(c) and those marked as B and C in case (a) almost coincide.

nations of cylindrical functions. Calculations of the RCS versus
a GP at the fixed frequency require even less CPU time, since a
part of the cylindrical functions and corresponding terms in the
matrix elements are calculated just once. We carried out such
calculations in order to demonstrate the effect of the aperture
angle and shell thickness on the RCS.

Several typical plots demonstrating the effect of are
shown in Fig. 5 for three values of the normalized frequency,

, and . The first of these values cor-
responds to the second peak of the frequency dependence of
RCS in the case of lossy electric coating shown in Fig. 3(a).
The second value corresponds to the vicinity of the fourth peak.
The third one is located between a higher-frequency minimum
and maximum [see Fig. 3(a)]. Rigorous equations (19), (20),
and (27) and two approximations, NSA and SBFA, have been
used. In line with NSA, the terms , and

are calculated after their approximate asymptotic
expressions given by (36)–(40). The use of the SBFA leads to
analytical solution instead of the matrix equation. The obtained
results show that the extrema in the angular dependence of RCS
usually correspond to the extrema in the frequency dependence
of RCS [for example, compare the cases A and B in Fig. 5(a)
with Fig. 3(a)]. The observed correlation occurs for the circular
structure with a cutting as well.

Though there is no possibility to reveal the quantitative de-
pendence of the range of validity of NSA or SBFA for arbitrary
coating/filling materials and GPs, we have revealed the main
factors, which determine these limits, and obtained typical nu-
merical estimates. For example, increase of the structure thick-
ness leads to decrease of the range of the allowed slot angle vari-
ation [compare Fig. 5(a) and (b)]. A general trend is worsening
of the accuracy provided by these approaches with increasing
the relative square of the slot domain and decreasing wavelength
in the lossy medium.

In Fig. 5(b) and (c), the relative difference between accu-
rate and approximate values of RCS % is observed if

and <1% if where is
the linear dimension of the arc corresponding to the slot aper-
ture, and is the free-space wavelength. Estimates obtained for
either a cut cylinder [e.g., in Fig. 5(c)] or slotted thick cylinder
[e.g., in Fig. 5(b)] can be used as the majorant estimates for
thiner shells. For example, in Fig. 5(a), % if .
For other materials, the majorant estimates of the range of va-
lidity of NSA can be obtained in the same manner, i.e., by com-
paring the accurate and approximate results obtained for either
a cut or slotted thick cylinder. It is worth to compare the above
estimates with the range of validity of the large-order asymp-
totics of cylindrical functions used to derive (36)–(40). It can be
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Fig. 6. Dependences of the normalized RCS on the thickness of metallic shell. Structure shows a large opening for (a) and small one for (b) at the symmetric
orientation of the slot; it is coated with lossy electric material. Solid and dotted lines correspond to the numerically accurate solution and TWA, respectively.

expressed as . One can see that NSA can be ap-
plied to calculate the slot terms , and

at a much weaker limitation.

In the case of SBFA, -value is larger than in the case of NSA.
Though can be 10–20% and higher in some ranges of the angle
variation [for example, in vicinity of the minima in Fig. 5(a)],
SBFA allows to qualitatively describe behavior of the angle de-
pendence of the RCS in a wide range of -variation (see case
A in Fig. 5(a)–(c) and case with in Fig. 2). Let as-
sume that SBFA can be used for this purpose if an approximate
and accurate curves show the same trend of variation (increase
or decrease), and almost the same extrema location and deriva-
tive values, while % with the exception of vicinity of the
minima. Then the range of possible application of SBFA can
roughly be estimated as . For very small thickness as in
Fig. 5(a), . In the case of rather large (e.g., in
the case of magnetic coating), this range can be even wider. The
same is true with respect to the ranges of 0.1%- and 1%-accu-
racy if NSA is used.

Now consider the effect of the metallic shell thickness on the
RCS. Fig. 6 shows the dependences of the RCS on
obtained with the aid of rigorous equations (19), (20), (27), and
the TWA. In the latter case, and are
given by (33) and (34), while and are
assumed to be zero. It follows from the obtained results that
taking nonzero thickness of the metallic wall into account is
especially important if the extrema in the frequency dependence
are strongly pronounced [compare Fig. 6(b) with Fig. 4(a)]. The
larger , the stronger the effect of on the RCS.

In case of very small thickness, , TWA usu-
ally allows one to obtain the results with %. It can also
be used for relatively thick shells (say, ). How-
ever, in this case estimation of the range of its validity is rather
complicated. Except for the value of , the pres-
ence of the extrema and their locations with respect to each
other are the factors, which mainly affect the range of validity
of TWA. From the point of view of the TWA application, the
worst case is that when a minimum and a maximum on the fre-
quency dependence are located very close to each other [for

example, see in Fig. 6(b)]. TWA can give more ac-
curate results for smaller values of , while a sharp resonance
is observed for larger . For example, in Fig. 6(b) % at

, and in the cases
A, B, and C, respectively. For the parameters used in Fig. 6(a),
the resonances of the frequency dependence of RCS are not so
sharp and the value of exerts the strongest effect on
. In this case, % at , and in the cases A,

B, and C, respectively. The mentioned features and estimates re-
main in a wide range of variation of the material parameters and
slot angle, at least if and .
For larger , the range of -variation, in which %,
can be substantially narrower. It follows from the obtained re-
sults that the calculations can be substantially simplified in a
wide range of the variation of GPs and frequency by applying
one of the considered approximations. They also allow one to
predict the location of maxima of the frequency dependence of
RCS even if is equal to several per cent.

IV. CONCLUSION

In this work, the scattering of the TE-polarized plane wave
by a circular slotted cylinder (with and without inner coating)
showing nonzero thickness, and by a circular cylinder with a
sectorial cutting (with and without filling) has been studied. The
theory developed is based on the coupled IEs technique and the
Galerkin method with the weighted Gegenbauer polynomials as
a basis. The obtained numerical results show quite fast conver-
gence with respect to the number of basis functions and demon-
strate the main features of the RCS dependences on frequency,
slot/cutting aperture angle, and metallic shell thickness. This ap-
proach can be applied to a wide class of CBAs, including the
case of very small thickness. Based on the obtained results, we
have revealed the situation when the effect of the shell thick-
ness is the strongest and must be taken into account even if the
thickness is rather small. This occurs when a minimum and a
maximum in the frequency dependence of RCS are located very
close to each other.

In addition to numerical study, we have explored the poten-
tials of three approximations of the field in the slots, namely
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NSA, SBFA, and TWA. The use of NSA and TWA allows one to
replace the combinations of cylindrical functions corresponding
to the slot/cutting domain by simple analytical expressions. The
most interesting results are obtained with the NSA. The limits
of its validity in the RCS calculations are far beyond those for a
separate cylindrical function whose argument corresponds to the
slot/cutting domain. The revealed correlation between the ex-
trema observed in the dependences of RCS on frequency, aper-
ture angle, and shell thickness also lead to simplification of the
analysis.
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