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Numerically Exact Analysis of a
Two-Dimensional Variable-Resistivity
Reflector Fed by a Complex-Point Source
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Abstract—Accurate numerical analysis of a two-dimensional the rim area. This means that the surface IE approach should

(2-D) variable-resistivity reflector has been carried out by the pe modified to incorporate thin imperfect curved scatterers of
method of regularization based on the analytical inversion of the variable resistivity

ﬁg;resé):: dl:rs]gdsﬁt'gc%fﬂ?nfgrmi fj?r@gi?/ﬁysg?rfheeplegttjeT%dnedl . Another considergtiqn that justifies a revisiting of the resis-
both the H- and E-polarization cases are considered. Far-field tive reflector analysis is the presence of commercial Ku-band
radiation patterns, directivity, and total radiative power have reflectors made of a fiberglass layer bonded to a thin metal
been computed for reflectors of uniform and nonuniform complex  screen. In fact, modern printed technologies are able to pro-

resistivities. Th'fe concept OL edge loading for t?e C‘()j“tkr)o' "i‘qr.‘d duce thin resistive layers of several hundred ohms per square.
improvement of antenna characteristics is confirme y this . . . .
numerically rigorous technique. Using such reflectors deposited on a lightweight substrate can

be a promising technology for spaceborn, manpack, and other
antenna applications.

In the present paper, we extend our previous analysis
|. INTRODUCTION of perfect electric conducting (PEC) two-dimensional (2-D)

T was probably in the early 1970’'s that lowering théeflector ame”f‘as [4].t0 vanablg-re&s‘qwty ref!ectqrs. T_he

. . a%ter can be either uniformly resistive (like a thin dielectric
sidelobe level of a reflector antenna by means of |mperfesc rface) or have only the edge area that is partially transparent
rim loading was first discussed [1]. The physical idea that y 9 P y P

underlines this advice is quite clear: a perfectly conductinand/Or absorbing. We use the method-of-regularization (MoR)

; %) roach, which can be considered as a sophisticated version
sharp edge of a reflector is too strong a scatterer for a fe

i . : L . of method of moments (MoM) due to a judicious choice
field, even if a reasonable edge illumination taper is used: . nansion functions in the form of an orthogonal set of
To have it better matched with the free-space, it can be P g

suggested to make the reflector's rim slightly transparent %lrgenfunctmns of the static part of the IE kernel. This approach

absorbing. Probably the best theoretical study of this id ggplles analytical inversion of the extracted part of the IE that

was presented in [2] and [3], where the geometrical theo(ranable:s a numerical solution of the “rest” in a very efficient
- pres j €9 L Bhd rapidly convergent manner. Mathematically, it means that
of diffraction (GTD) corrected for the main-beam direction b

hysical optics (PO) was used to simulate the beamformiYNhen discretizing the IE we transform it to a Fredholm second-
phy b fhd matrix equation, instead of one of the first kind as with

by a parabolic reflector with a loaded rim. However, bot e conventional MoM. The gain of such a sophistication is
PO and GTD are high-frequency techniques that do n : g P

. ) ' "at electrically much larger scatterers can be computed with
have a uniform accuracy. Therefore, a comparison with

more accurate integral-equation (IE)-based analysis can eesktop hardware and the accuracy is uniformly guaranteed.

. : . : . account for the directive character of the feed field but to
interesting. Besides, in [2] and [3] the loading was assumed . ) . L

. . . avoid inaccuracies caused by its approximate description, we
as an impedance nontransparent (e.g., coated) rim, whil

partially penetrable one is also of interest. Theoretically, trga e it as a complex-source field, which is an exact solution

transparent or absorbing nature of a thin-reflector materialmﬁe Helmholtz equation. Thus, our analysis is numerically

be simulated through the concept of resistivity, attributed @: tggo’;ﬁlﬁzu?]ditthdeoéisﬁgf gr?gblt;e o%oenstgjesrti (iiya\:,h;efcerroegsc_e

polarization and aperture-blockage effects, it fully incorporates
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field is characterized by the single scalar function d,
A
U=ymn + Use (1) ”,’ o 1 ,,

which is either E. or H, component depending on the
polarization. This function is to solve the Helmholtz equation
off the reflectorM and satisfy the boundary conditions /at,
the Sommerfeld radiation condition at infinity, and the edge
condition such that the field energy is limited in any finite
domain around the edge. 3
A resistive-surface boundary condition has been introduceg 1 tyo-dimensional reflector geometyF[ = a — ro = a/2,
as a convenient approximation of a partially transparent (Dr = 2asin(8q,)].
penetrable) thin material sheet of high intrinsic impedance (see
[5]-[8]). It can be written in the form of the following set of
surface equations:

N o J a

~ o

[ll. BASIC EQUATIONS FOR THEH-POLARIZATION CASE
In this case, we denote thecomponent scattered magnetic
%[E;:(F) + 4;(?)] = R(MA(7) x | *;:(f) — ﬁ;(f)] (2) figld futr;ction asH?®*¢ and seek it as a double-layer potential
= = iven
EF(7) = Ex (7) (3 Ve
coupling the limiting values of the tangential field components.

The superscripts=" and “+” are related to the front and rear o o

sC a g
H() = | ()5 Gl 7) dl (7)

directed from the £” to “+” face. free-space Green’s function
Resistivity R in (2) can be complex-valued and a function . i W .
of the position onM but is assumed isotropic. Note that the Go(7,7") = JHo " (k|7 =) (8

transition to a PEC reflector is arranged by settiig= 0. . _ _ .
The two most frequently encountered examples of a resistiggd the unknown density functiol(7) is the “effective”
surface are given by the model of a thin dielectric sheet 8frface current

thicknessh and relative permittivitye,. and that of a metal n _ .
sheet of the conductivity, namely Y(7) = H™(r) = H™(7), e M. ©)

iZo 1 By using the boundary conditions (2), (3) and the property
m, Rietal = ho (4)  of the normal derivative of a double-layer potential, one arrives
! at the following integral equation:

where Z, is the free-space impedance. Note that a lossless ik 9 9
sheet is obtained ke R = 0. Otherwise, the reflector is lossy 7 ROY(7) + o Y(FI)WGO(FW) dl’
and a part of the incident field is absorbed in the reflector M ;
material. - _M7 7e M. (20)
In accordance with the above-mentioned desire to have the In
incident field directive, yet an exact solution of the Helmholtz This is a singular IE with the kernel singularity of the

equation, we take it as a complex-point source field Cauchy type, that makes a direct solution by a MoM-like
‘ . algorithm dependent on the implementation. Equation (10)
U7 = CHSY (k|7 = (7o + b)) (5) is valid for any open curveM representing the contour
of the reflector. Further, we shall follow [4] and [10] and
where the parametéi corresponds to the aperture of an actuakstrict our analysis to parabolic reflectors which can be well
feed andC is a real constant. Further, we shall concentrate @pproximated by circular ones (see [4, Fig. 2]). Then we can
the front-fed reflector geometry, so we shall takele b = 0. assume thaiM/ is a circular arc of radius, which is twice
Such a source is known to produce a beam of width governge focal distance of the paraboloid (Fig. 1). The aperture
by the value ofkb (see [9]). As was pointed out in [4], thedimensionD is determined by the angl2f,,. Further, we
directivity Dy and the total radiated powef, of this feed in extend the functio’ () = Y(a, ¢) beyondM by setting its

Ryiel =

free-space are given by value to zero on the rest of the circle of radiusnd expand
- it in terms of the whole-period angular exponents as
e 2n
Dy = . Py =C*=10(2kb) (6) o0
To(2kD) K Yo = ¢ ins 11
(@)= D e (11)

n=—o0

wheren is Z; in the H case and/Z; in the E case, and, is
the modified Bessel function. For large valueskéf Dy and Similar expansions are introduced for the kernel and the
P, behave agkb)l/? and ¢2**(kb)~1/2, respectively. right-hand part of IE (10) that are the same as corresponding
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Fig. 2. Normalized far-field patterns of the H-polarized complex-point source feeding. (a) LbasyR(= 0). (b) Lossless Re R = 0) uniformly
resistive reflector. Feed parametdr = 5 corresponds to the-9.5-dB edge illumination. Reflector parametérs = 183.7 and 6., = 20° correspond to
D = 20\, F/D = 0.73. The resistivity values ar@.01Z, (dotted curve)0.1Z, (dashed curve), and, (solid curve).

expressions in PEC case [4]. Besides, we expand the resistivity __ Z Ty (ke H i 6] <60y (13)

function as PA
R(¢)=ZoRo[14+ > puc™ (12) D und™? =0, bop<|g| <. (14)
n=—o00,7#0 n=—oo

and assume that the series (11) and (12) are uniformly conHere, J, = J,(ka), H, = H,(Ll)(lm) and the prime denotes
vergent. differentiation with respect to the argument. The series on the

Substituting these expansions to the IE (10) and integratiright-hand part of (13) is uniformly convergent for all| < a,
from O to 2r yields the following dual series equations: where for the front-fed reflector

> <J;H; + %)¢ rs =ro+ib. (15)
n=—o0 e If the feed is placed in the geometrical focus of reflector,
2R0 s i iln To — CL/2
+ ra Z Z ynppe( )¢ The expansion coefficientg,, for the resistivity should

n=—00 p=—00,#0 decay with largem, but their explicit large-index behavior is
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of secondary importance as the main contribution to the weightBy using the boundary conditions (2) and (3) and the
function in (13) is given by the termi! H!, ~ iln|/(7k*a?). property of the single-layer potential when crossing the layer,
The latter is the same as in PEC case studied in [4]. Henoee obtains the following electric field IE:

the dual series equations (13), (14) can be patrtially inverted .

by using analytical solution of the so-called Riemann—Hilbert —X(PR(7) +ikZy | X(7)Go(7,7) dl'

problem [11] in the form given in [12]. As a result, we come M

to the following infinite matrix equation: = —ikZo E""(7), 7 e M. (23)
H - Note that if R is not identically zero, (23) is already
(I-A")Y =B (16) a regularized Fredholm second-kind IE as its kernel has a

logarithmic (i.e., integrable) singularity. However, unlike the

where previous H-pol case, here tiedependent term plays the role

I.o—§ of a nonsingular perturbation of the PEC IE only provided

’;" mr that &£ # 0. It means that (23) does not permit a continuous

Ann = Kn(ka, Ro) L (0ap) transition to the static case of a PEC reflector. Practically
. s speaking, the quasi-static behavior of a resistive reflector can

+i2mkal Z pplmn+p(¥ap) (A7) pe much different from PEC approximation everrifis very

p=—00,70 small. The regularized nature of (23) guarantees that a simple

K, (ka, Ro) =i2kaRo + |n| + in(ka)*J, H), (18) MoM:-like algorithm to solve it will be stable and convergent

I 5 nd , to the exact solution as the number of expansion functions get
B, =in(ka) Z In(krs ) H) Tn(Bap).  (19) large.
nETee Further, we assume (as in the previous section) that the
The angular coefficients,,,, (6,,) are the same as for the Hreflector can be approximated by a circular one and extend
scattering by a PEC reflector [4] and are given in the Appendis.(7) Py identical zero offd/ over the circular contour. Then

The large-index behavior of the matrix elements is estimated¥§ €xPand the current and the resistivity in terms of the
angular exponents as

Afly ~ Ol(fm =l + ) mn| 2] (20) 0 =
X(M) =X(p) = — T,em? (24)
which enables one to prove the Fredholm nature of (16) and i
the needed edge behavior. Note that the second term in (17) 1 1 oo
vanishes provided that the resistivity is a constant on the = |1+ Z ,ypeiqu (25)
contour M, thus reducing the solution to the case considered R(r)  ZoRo p=—o00,%£0

in [10]. Also worth noting is that the terms proportional t(.)assuming thaly + 0.

Ry play the role of a perturbation to the PEC equation in . .
. g Expanding also the kernel and the right-hand part of (23)
(16) for anyk (compare with [4], [11], and [12]). This is nOtin the same manner as in PEC case [4] and using the

st_urpnse as (16) is equivalent to IE (10), which Co.ma”?rthogonality of the exponentials leads to the following dual
proportional term also as a nonsingular perturbation 10 . L

the IE of the PEC case. Generally, the matrix elements > equations:

A vanish if ka = 0, which points out to the fact that = 2Ry ind
deriving (16) is equivalent to inverting the static part of Z "<% +J"H">e
the dual series equations. When making computations, it is "~ oo oo
recommended to split the field and (16) into symmetric and i(n+p)e
antisymmetric parts, thus reducing by half the order of the * Z Z nypnbne
matrices to be inverted (see [4]). As was verified in [10], for 0o
3-digit accuracy it is enough to truncate the matrix size to - _ Z <Jn(k7’5)Hnei"¢

Ny = (14 |2Ro|YH)ka + 5.

n=—00 p=—00,7#0

IV. BASIC EQUATIONS FOR THE E-POLARIZATION CASE + Z Ypdn(krs ) Hyy ! HP)?
In this case, we seek thecomponent scattered electric field p=—0o0,70
function as a single-layer potential || < bap (26)
ne — 0 6 <. 27
B = [ X()Go(7, ) dll (21) n;mx"e o dw<ldlsm @7

M
Unlike the H-pol case, (26) and (27) can be partially inverted

where the unknown “effective” current density function Sor all Ro # 0 by using a simple inverse Fourier transform.

defined as Here we follow [10] and come to the following regularized
X() { 0 EH@) 0 E—(*)} e M 22) infinite matrix equation:
T)=—| " T)— — T, T .
an an (I-AP)X' = BF (28)
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Fig. 3. The same as in Fig. 2, but for the E-polarization case.

where as in H-case given by (20). According to [10], for three-digit
accuracy it is enough to tak&,. = (1 + |2Ro|~Y?)ka +
Ly =8mn, Ty = z(|n| +1)71/2 5 equations provided that the symmetry splitting has been

1/2 utilized.
AE ke o < ||”|| 111) (29)
m

2Ry
00 V. NUMERICAL RESULTS

ann = rnn(eap) + Z ’VpSrn,n-i—p(eap) (30)
p=—00,#0 A. Uniformly Resistive Reflector—H- and E-Polarizations

BE = —ka i Jn(kr ) Hy Q. (31) Here we woulq like to present and.di.scuss some results of
2Ro(|m| + 1)1/2 . numerical modeling of a uniformly resistive reflector. It means
that we takep,, = 0 and~y, = 0 for all n # 0. The geometry

The angular coefficients,,,, are given in the Appendix. of the reflector is determined by the parametedsis= 183.7
Note that the matrix element$Z,, vanish ifka = 0. It means and 6,,, = 20°, which is equivalent to a parabolic cylinder
that reducing the dual-series equations to (28) is equivalentabD = 20\ and /'//D = 0.75, with an error less than/16.
inverting their static part. However, a continuous transition & feed characterized byb = 5 is placed in the geometrical
the PEC static case is not possible. The large-index behaviocus (v = a/2) resulting in an edge illumination level of

of the matrix elementsiZ is easily verified to be the same—9.5 dB (Fig. 1).

mn



NOSICH et al: NUMERICALLY EXACT ANALYSIS OF 2-D VARIABLE-RESISTIVITY REFLECTOR 1597

120 T T T T

100

80

60

Directivity

40

20
[} 0.2 0.4 0.6 0.8 1

Im(Ro) or Re(Ro)
(@

1.00004 T T T T

100002 - T -

0.99998 —\’/’/’f—

0.99996 L L 1 L
o]

Pt/Po
I
1

Im (Ro )
(b)

1 T T T T

0.8 .

Pt/ Po

0.6 |- B

0.4 L 1 L 1
[e] 0.2 0.4 0.6 0.8 1

Re (Ro)
(©)

Fig. 4. (a) Directivity. (b) and (c) Normalized total radiated power as a function of resistivity. E-polarization: (a) and (b) solid curves fes lossle
reflector; (a) short-dashed and (c) solid curves for lossy one. H-polarization: (a) long-dashed and (b) dashed curves for lossless reflectar; (a) dott

and (c) dashed curves for lossy one.

The particular operating characteristics that we analyze avih the PEC ones. H-pol and E-pol case patterns of such
the far-field radiation pattern, the normalized total radiateal 20-\ reflector are similar except for the rear sidelobes,
power and the directivity. These parameters can be easithich are a bit higher in the H-case due to stronger edge
computed after solving the matrix equation (16) or (28) fascattering. The greatest sidelobe peak, which occurs at about
the surface-current expansion coefficients. The correspod@( is due to spillover. A lossy (thinner-than-skindepth metal)
ing formulas are the series given in [4] by (21), (23), andcreen forms a pattern which is very similar to that formed
(24). by a lossless (thin dielectric) one of the same absolute value

In Figs. 2 and 3, one can see the effect of nonzero resistivif R.
on the far-field patterns of such a reflector for two alternative It is worth noting that the computational algorithm based
polarizations. Both lossylfn R = 0) and losslessRe R =0) on the MoR approach is very fast. In the H-pol case, for
reflector patterns are presented. The larger the resistivity, theample, when the matrix truncation number increases with
greater is the feed-field leakage through the reflector due to thereasing®, computation of the highest resistivity curve in
partial transparency. If the relative resistivifyyy = R/Zy is Fig. 2 (R = Z,) for three-digit accuracy require¥,, = 448,
of the order of 102 or less, the patterns graphically coinciddout it takes only 69 s of CPU time on a SUN SPARCStation
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Fig. 5. (a) Resistivity of the edge-loaded reflector. (b) and (c) Directivity as a functidpR.gf<| (61 = 2°) and of angular widtt¥; (|Rmax| = Zo) of
a linear-varied edge loading, for lossy (solid curve) and lossless (dashed curve) reflector, H-polatiBatigh.= 0.01Z, in all cases.

20 at 60 MHz, with memory consumption of about 8 Mb fowalue as before, but the resistivity function was as given in
double-precision FORTRAN code under the SUN OS 4.1Hg. 5(a). The linear rise, within the edge area of width
UNIX operating system. from the constant value in the central p&¢ R = 0.01Z,

Fig. 4 demonstrates the effect of changing the value @f good conductivity, close to PEC case according to [10])
resistivity of a lossless and lossy reflector on the antengg e edge valuRe R = Zo (highly transparent surface),
directivity and the normalized total radiated power. Note thg. . approximated by 10 to 20 terms of the series (12)
the radiated power decays very rapidly with the resistivity %Tepending on the loading angular width. In our notations,

a lossy reflector, at the expense of the growth of the power . . .
absorged in the reflector milterial. This rgsults in the dfop fi/A = (ka/m)sin(6,/2) (see Fig. 1). An H-polarized feed
having an aperture dfb = 5 resulted in the edge illumination
level of —9.5 dB.

In Figs. 6 and 7, the far-field radiation patterns are presented
B. Edge-Loaded Reflector—H-Polarization for two different values of¢;. In Fig. 6, the effect of the

When studying the variable-resistivity reflector, we assumeesistive edge loading is clearly seen as lowering the level
that the total aperture of the reflector was the same\ 20ef sidelobes in the forward half-space. The difference can

the overall gain of antenna.
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Fig. 6. Far-field pattern of (a) lossy and (b) lossless reflector with a linear-varied resistive edge loading (solid curve) compared with a @sitvdy-r
reflector of|R| = 0.01Z, (dashed curve), for H-polarization case. Loading wilth= 2°, | Rmax| = Zo. | Rmin| = 0.01Z,. Other parameters as in Fig. 2.

reach some 10 dB depending on the width of the loaded strqase, so the method of its inversion is based on the solution
However, the latter should not be too wide, as the overalf the so-called Riemann—Hilbert problem. The effect of finite
directivity is always undermined by a greater fraction of thgesistivity is seen as an additional term proportional to the
feed field getting through (see Fig. 7). The directivity loss isroduct kR and playing the role of a perturbation to the

greater for a lossless edge loading than for a lossy one, whishC reflector scattering. In the E case, the presence of finite

is evident from Fig. 5(b) and (c). The value of the total radiateg@sistivity changes the IE and the dual-series equations in

power (not shown) is hardly affected by such a loading. 5 fundamental manner, so that the static part is completely
different. In fact, it is now simpler than in the PEC case

VI. CONCLUSIONS and can be inverted by using the inverse Fourier transform.

We have demonstrated that MoR analysis based on {fgeth polarization solutions are valid for nonuniform variable-
analytical inversion of the static part of electric-field IE cakesistivity reflectors, although with a uniform resistivity the
be generalized to cover a thin variable-resistivity reflectoreeded matrix size may be smaller.

To this end, we reduce the IE to the dual-series equationsThe operating characteristics of 2-D reflectors were ana-
and further extract the static part out of the correspondifigzed by using a complex-point source model of the primary
operator. The latter is essentially different for the H and teed. This model has already proved its advantages of accuracy
polarizations. In the H case, it is the same as in the PE@d simple implementation in the PEC case [4]. Here, we



1600 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 45, NO. 11, NOVEMBER 1997

Utot , dB

0 30 60 90 120 150 180
Theta, deg.
(@)

U, dB

Theta , deg.
(b)

Fig. 7. The same as in Fig. 6, but for the loading width = 6°.

applied it to the resistive reflector. Our aim was to study theositive effect of the edge loading have been supported by the
effect of a uniform and a nonuniform resistivity on the far-fieldiccurate numerical analysis of the full-wave integral equations.
radiation pattern and overall parameters such as normalized

total radiated power and directivity. APPENDIX

A uniform resistivity results in a partial transparency of the consider the dual-series equations as follows:
reflector. Hence, the rear-side radiation becomes higher and oo
the directivity lower, but the main beam and near sidelobes Z Zn|n|e™? = aneinqb’ || < Oap
remain surprisingly the same. ——

The most interesting results have been obtained for the edge- 00 ‘
loaded reflector. A careful playing with both the width of the Z zne™? =0, Oap < || < 7 (32)

higher resistive edge zone of the reflector and the character of

resistivity variation in this zone results in a well-observableherez,, are the unknowns anfj, are assumed known values.
lowering of the sidelobe level. This is especially significant According to [12] the analytical solution to the above
in the forward half-space. A small directivity attenuation isequations can be written as

however, inescapable due to the partial transparency of the o0

edge area. Here, a lossy loading shows a better performance zm = > folmn(fap),  m =041, - (33)
than a lossless one. Thus, intuitive considerations about a n==-00
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where [11] R. W. Ziolkowski, “N-series problems and the coupling of the elec-
tromagnetic waves to apertures: Riemann-Hilbert approg8iAM J.
Ty (Bur) = [Pr—1(w) Pa(w) = Pro(w) Pao1 ()] m£n Appl. Math, vol. 16, pp. 358-378, 1985.
mnirap 2(m —n) ’ [12] A.l. Nosich, “Green’s function—Dual series equations in wave scatter-

ing from resonant scatterers,” in M. Hashimoto, M. Idemen, and O. A.

1 || Tretyakov, Eds.Analytical and Numerical Methods in Electromagnetic
Ton(bap) = m Z q|n|_5(u)i’:’|n|_5_1(u)7 n#0 Wave Theory. Tokyo, Japan: Science House, pp. 419-469, 1993.
n
s=0
1+u
TOO(eap) =—1In (34)
with & = cos 9‘1]” o = l,qg = —u,---,qs = P, (u) — Alexander I. Nosich (M'94-SM'95) was born in Kharkov, Ukraine, in 1953.
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