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Comparison of Refractive-Index Sensitivities
of Optical-Mode Resonances on a Finite
Comb-Like Grating of Silver Nanostrips

Olga V. Shapoval, Member, IEEE

Abstract— We investigate the interplay of several different
types of resonances in the scattering of light by finite comb-like
nanogratings made of silver strips, in the H- and E-polarization
cases. The resonances studied correspond to the localized surface
plasmon modes, the periodicity-induced grating mode, and the
cavity modes. They show up as Fano shapes in the total scattering
cross sections and absorption cross sections. We find that the
grating-mode and the cavity-mode resonances have higher values
of both bulk refractive-index sensitivity and figure-of-merit than
the localized-surface-plasmon resonances, in the visible band.

Index Terms— Comb-like strip gratings, resonance,
refractive-index sensitivity, figure-of-merit.

I. INTRODUCTION

OPTICAL resonances on nanogratings of noble-metal
elements are important topic of today’s research because

of potential applications in nanoscale optical biosensing,
photovoltaics, and nanoelectronics. As known, they display
intensive localized surface-plasmon (LSP) resonances in the
visible-light and infrared ranges controlled by the nanoparticle
shape [1]–[3]. One of the main areas of their applications
is LSP biochemical sensors of the host medium refractive
index [4], [5]. Besides, if sub-wavelength metal particles,
strips or wires are collected into large enough periodic arrays,
they display extraordinarily large reflection, absorption, and
near-field enhancement at certain wavelengths depending on
the period, angle of incidence and host medium refractive
index. These phenomena are caused by the so-called
grating-mode (GM, a.k.a. lattice, collective, and geometrical)
resonances [6]–[22] which appear due to periodicity [20]–[22].
Recently biosensors based on the GM resonances started
attracting increased attention [17]. This is because their
Q-factors can be large [18] and their sensitivities do not depend
on the refractive index of the host medium and are proportional
to the period. Still besides, in thicker gratings, interaction
between adjacent elements can lead to appearance of so-called
cavity-mode (CM, a.k.a gap and slot) resonances [2].
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Fig. 1. Cross-section of a free-standing comb-like finite nanostrip grating
of N infinitely long (along z-axis) noble-metal strips.

In this paper we present an accurate numerical analysis of
the optical response of finite comb-like silver strip gratings
in the visible range and compare the host medium refractive-
index sensitivities and figures-of-merit of all associated reso-
nances.

The remainder of the paper is structured as follows.
In Section II, we present briefly the main points of our numer-
ical method. Sections III and IV contain the numerical results
related to the cases of H- and E-polarization, respectively.
Section V deals with sensitivities and figures-of-merit of all
H-case resonances. Conclusions are given in Section VI.

II. NUMERICAL METHOD: GENERALIZED BOUNDARY

CONDITIONS AND NYSTROM-TYPE DISCRETIZATION

We consider the 2-D scattering of the H- and E-polarized
plane waves by a comb-like finite grating of N identical
silver nanostrips of the width d and thickness h (see Fig. 1)
characterized by refractive index νAg = ε

1/2
Ag (λ), where εAg is

the complex-valued dielectric permittivity depending on the
free-space wavelength λ. (see Appendix A1). The grating
has period p and is placed into a host medium with refrac-
tive index νhost . Note that for a nanostrip with thickness
larger than a few nanometers one can neglect all non-local
effects [23] and use experimental data of the bulk silver
index νAg [24].

As a reliable instrument for the modeling of the
scattering and the resonance effects we use the previously
developed [19], [25] median-line singular integral
equation (SIE) method based on the two-side generalized
boundary condition (GBC) [26], [27] and a Nystrom-type
discretization [19], [28]. The use of GBC is justified by
the fact that if the material layer thickness makes a small
fraction of the wavelength (h � λ) then the electromagnetic
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Fig. 2. H-polarization. Normalized TSCS (a) and ACS (b) for the gratings
of N = 1, 2, 10 and 50 silver strips in free space (νhost = 1) at the inclined
incidence of plane wave (β = 45°).

analysis can be simplified by neglecting the field inside
the layer and considering only the external field limiting
values. If used in the comb-like grating scattering analysis,
GBC leads to a set of the coupled SIEs with the strip
median lines being the intervals of integration [29]. Such
SIEs can be solved by various numerical techniques.
We apply Nystrom-type method based on the interpolation
polynomials for the unknown functions and the quadrature
formulas, which guarantee the convergence of computations –
see [25], [28], [29]. In our analysis the accuracy of computing
the near and far-field data was kept at 10−4 or better.

III. H-POLARIZATION CASE

A. Interplay of Resonances: Localized Surface Plasmons,
Grating Modes and Cavity Modes

To observe the optical resonances of all possible types of
symmetry, we will show and discuss at first the spectra of
the normalized by 2Nd total scattering cross-section (TSCS)
and the absorption cross-section (ACS) for the plane wave
illuminating the comb-like grating under the inclined incidence
(β = 45°, Fig. 2). This is because the spectra at the normal
incidence (β = 90°) and the grazing incidence (β = 0) reveal
only part of them. Here, host medium is free space, νhost = 1.

Fig. 3. In-resonance magnetic near-field patterns for N = 50 around four
central strips at 384.2 nm (a), 428.7 nm (b), 506.5 nm (c) and 858.3 nm (d).

As one can see, for a stand-alone 300×50 nm2 silver strip
(N = 1) two optical LSP modes of the first and the second
orders are observed in the visible band (red curves) at the
resonance wavelengths λP1 = 697.5 nm and λP2 = 413.2 nm.
If the strips are two (N = 2), the scattering spectrum keeps
certain features characteristic for the single strip: the second-
order optical LSP resonance is only slightly deformed and
the first-order optical LSP resonance becomes less visible
(twice lower in amplitude) because of the shadowing of the
left strip by the right one.

However the spectra for N = 2 display something new:
a strong resonance peak at the wavelength of λ ≈ 507nm.
This new feature is kept almost intact if the number N is
taken larger. This allows to conclude that this is a
CM-resonance associated with the so-called “cavity mode”
or “gap plasmon mode” between adjacent strips, which have
width d > λ/2 [2].

Collecting more strips into a comb-like grating with period
of p = 500 nm brings still new features to the visible-range
response. As known [6]–[22], the periodicity leads to the
appearance of specific GM-resonances on the grating modes.
As shown in [18], their complex wavelengths λG±m are slightly
up-shifted from the Rayleigh anomalies (RA) λR.A.±m of the
associated infinite gratings [30],

λG±m = λR.A.±m (1 + δ±m), |δ±m | << 1, Reδ±m > 0 (1)

λR.A.±m = νhost(p/m)(1 ∓ cos β), m = 1, 2, 3 . . . (2)

Note that, if β = 45°, then even a grating of only
N = 50 strips displays a quite pronounced optical
GM-resonance around λ ≈ 428 nm. This is the vicinity of the
+2-nd RA at β = 45°. Similarly, the extreme-red resonance
appearing at λ ≥ 890 nm corresponds to the +1-st RA.

The in-resonance near-field patterns of |Hz| in Fig. 3 show
the area around four central strips of the N = 50 grating at
λP2 = 384.2 nm (a), λG2 = 428.7 nm (b), λC = 506.5 nm (c)
and λG1 = 858.3 nm (d). Note that optical LSP resonance
P2 is formed as a Fabry-Perot like standing wave due to the
reflections of the surface-plasmon natural wave of a silver
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Fig. 4. H-polarization. Color-coded map of the normalized TSCS per
one strip versus the wavelength and the incidence angle for the grating
of d = 300 nm, h = 50 nm, p = 500 nm, and N = 50 (νhost = 1).

layer from the strip edges. Here, two half-wavelengths of the
mentioned natural wave match the strip width (see Fig. 3(a))
and the hotspots of the LSP field are seen just at the
strip faces.

In contrast, the near-field pattern in the CM-resonance
(Fig. 3(c)) demonstrates bright spots in the space between
the adjacent strips. Finally, the near-field patterns in the
GM-resonances of 1st (Fig. 3(d)) and 2nd (Fig. 3(b)) order
demonstrate still very different standing waves stretching far
beyond the grating domain.

In order to bring together all discussed above resonance
phenomena and see their dynamics at varying β, in Fig. 4 we
show the color-coded map of TSCS (normalized by 2Nd) as a
function of two parameters: the wavelength and the incidence
angle, for the grating of N = 50 strips of d = 300 nm,
h = 50 nm and p = 500 nm. White curves indicate the
RA values of the associated infinite grating, which are the
functions of the anomaly index, m, and the angle β.

As one can see, there are several broad and narrow
bright “ridges” in the visible range while β varies from 0
(grazing incidence) to 90° (normal incidence). Note that some
of the ridges are extinct at β = 0 or 90° as their “parent”
eigenmodes are orthogonal (of the opposite symmetry) to the
incident plane wave coming along the x-axis or the y-axis,
respectively.

The largest “mountain” between 375 nm and 450 nm
corresponds to the second-order LSP mode P2 on each
silver strip of the comb-like grating. The other large “hill”
around 510 nm corresponds to the mentioned above cavity
mode C between each pair of adjacent strips. Note that the
both resonances in the scattering cross-section die off at
β = 0 and 90° (i.e. turn from bright to dark resonances)
because of the above-mentioned orthogonality of the incident
wave.

Besides, one can observe two narrow “ridges” stretching
approximately along the three RA curves (above them) given
by λR.A.±1 = p(1 ∓ cos β) and λR.A.+2 = (p/2)(1 + cos β).
These “ridges” correspond to the high-Q resonances on
the grating modes associated with the combination of the
+2nd and −1st Floquet harmonics (note the avoided crossing
behavior), and with the +1st Floquet harmonic, respectively.

Specific case of the plane-wave normal incidence (β = 90°)
is presented in detail in Fig. 5. Here, only one strong

Fig. 5. H-polarization. (a) Normalized TSCS for the normally incident plane
wave (β = 90°) for the gratings of N = 50, 100 and 200 strips of d = 300 nm,
h = 50 nm and p = 500 nm. (b) Magnetic near-field pattern in the
GM-resonance at λG1 = 512.1 nm. (c) Profile of the near field magnitude
along the grating symmetry line, x/p = 79.45 in the GM-resonance. (d) Map
of TSCS (in nm) versus the wavelength and the period for the grating of
N = 100 strips with d = 300 nm and h = 50 nm.

GM resonance G±1 is visible at λG1 = 512.1 nm. The
in-resonance near-field profile along the normal to the grating
(Fig. 5 (c)) shows that it reaches the magnitude 13.1 between
the strips.

This is much larger than in the same GM resonance
on a flat grating made of the same silver strips (studied
in [19] and [22]).

The corresponding near-field pattern in Fig. 5 (b) shows
the area around four central strips of the N = 100 grating
(from #48 to #52). This pattern is strikingly different from the
LSP-mode resonance: intensive standing wave appears along
the grating with hotspots that stretch out far off the grating
domain. It is built on the ±1-order Floquet harmonics along
the grating.

On the color map of TSCS as a function of the wavelength
and the period, at normal incidence (Fig. 5 (d)), one can see
a sharp “ridge” stretching along the line λ ≈ p and another
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Fig. 6. H-polarization. (a) Normalized TSCS for the plane wave at the
grazing incidence (β = 0) for the gratings of N = 1, 2, 10, 50 and 100 strips
of d = 300 nm, h = 50 nm and p = 500 nm (νhost = 1). Total magnetic
near-field patterns around four central strips at the wavelengths 515.8 nm (b)
and 1016 nm (c) for the grating of N = 50 strips.

one between 300 nm and 350 nm. The former corresponds to
the mentioned above GM with m = ±1 with the y-even field
and the latter to the sister-mode with the y-odd field.

The case of the plane-wave grazing incidence (β = 0)
is even more special because such incidence has no analog
in the wave scattering by an infinite grating. Still one can
see from eq. (2) and Fig. 4 that in such case one of
RAs of any order m = 1, 2, 3 . . . vanishes and the other
tends to the value known as a Bragg’s effect wavelength,
λB.E .

m = 2νhost(p/m) [31]. Indeed, at these values the
spectra of the normalized TSCS show sharp double extrema
(Fano-shape) resonances (see Fig. 6), the magnitudes of which
decrease if N gets larger because of the shadowing of the rear
strips by the front ones.

We present also the in-resonance magnetic near-field
patterns visualized around four central strips from #25 to #28
at the wavelengths 515.8 nm (b) and 1016 nm (c) for the
grating consisting of N = 50 strips. As one can see, here
an integer number of the half-wavelengths stands between the
strips, corresponding to the order of the Bragg’s diffraction:
m = 2 (b) and m = 1 (c), respectively.

IV. E-POLARIZATION CASE

In the E-polarization, as known, there are no optical
LSP modes on metallic strips, and hence no associated
resonances [1], [18], [22], [23]. As for the optical GM modes,
they still exist as complex poles of the field as a function
of the wavelength. However, their Q-factors are |εAg |2 times
smaller than in the H-polarization case [18] and therefore
the associated resonances are not visible. Instead, if the

Fig. 7. E-polarization. (a) Normalized TSCS for the gratings of N strips of
d = 300 nm, h = 50 nm and p = 500 nm (νhost = 1) at the inclined incidence
of plane wave (β = 45°). (b) The same at the normal incidence (β = 90°).
Electric near-field patterns at the wavelengths 430.3 nm (c) and 864.1 nm (d)
for inclined incidence and 501.5 nm (e) for the normal incidence, N = 50.

number of strips N is increasing the build-up of Rayleigh
anomalies is observed, accompanied by the reduced scattering
and absorption.

We start again from the case of inclined incidence, β = 45°,
and show the spectra of the normalized TSCS in Fig. 7 (a).
They reveal that two minima near to RA with m = +1, +2
appear already for N = 2. The same takes place at normal
incidence (β = 90°) however for m = ±1, see Fig. 7 (b).

The explanation of the scattering suppression becomes clear
after visualizing the electric near-field patterns (Fig. 7 (c)-(e))
around four central strips from #25 to #28 at the wavelengths
of the RA-related minima. Similarly to the RA scattering
minima for a flat-strip grating (see [15]), the strips are located
in the deep minima of the E-field and both scattering and
absorption of the E-polarized plane wave get less intensive.

Finally, in Fig. 8 (a) we present the spectra of normalized
TSCS for the grazing incidence (β = 0), for the same gratings.

The Bragg-effect Fano-shape resonances are observable at
the wavelengths λB.E .

m similarly to the H-case. The visualized
near-field patterns at 346 nm (panel (b)), 510 nm (c) and
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Fig. 8. E-polarization. (a) Normalized TSCS as a function of the wavelength
for the gratings of N = 1, 2, 10, 20, 50 and 100 strips of d = 300 nm,
h = 50 nm and p = 500 nm at the grazing incidence (β = 0). (b) Electric
near-field patterns around four central strips from #25 to #28 at the wavelength
346 nm (b), 510 nm (c) and 1005 nm (d) for the grating of N = 50 strips.

1005 nm (d) for the grating of N = 50 strips are similar to
the case of H-polarization (compare to Fig. 6 (b), (c)) however
with deep E-field minima at the strip locations.

V. REFRACTIVE-INDEX SENSITIVITIES AND FOM

As already mentioned, noble-metal nanogratings attract the
attention of researchers because of their high potential for
applications in biological and chemical sensing. The physical
mechanism that provides such opportunity is the dependence
of the wavelength of an optical resonance peak in the scattering
and absorption of light on the refractive index of the
host medium [4]. Such sensors were at first designed on
the LSP-resonances controlled by nanoparticle shape. The
GM-resonances, which appear if the hundreds of metal
particles are assembled in chains or arrays with good enough
periodicity, were at first considered as a parasitic phenomenon.
However, later the understanding has emerged that they
are also very promising in the context of nanoscale
biosensing [17], [32].

For metal nanogratings assembled of strips or wires, the
optical LSP resonances exist only in the H-polarization
and the GM resonances, albeit existing, are observable also
only in this case because of high enough Q-factors [18].
Therefore in this section we will be dealing with the
H-polarization only. The modification of the above presented
data to the case of other than air host medium is straight-
forward: free-space wavenumber must be re-scaled with the
factor ν

1/2
host .

In Fig. 9, we present the spectra of the normalized extinction
cross-section (that is the sum of TSCS and ACS) for the
inclined incidence (β = 45°) of the H-polarized plane wave

Fig. 9. H-polarization. Normalized extinction cross-section as a function
of the wavelength for the grating of N = 50 silver strips (d = 300 nm,
h = 50 nm, p = 500 nm) for different values of the refractive index of host
medium, νhost = 1,1.2 and 1.4 (β = 45°).

on the grating of N = 50 silver nanostrips (d = 300 nm,
h = 50 nm and p = 500 nm). Here, three different values
of the refractive index of the surrounding medium are taken:
νhost = 1 (blue curve), 1.2 (red), and 1.4 (black).

As one can see, all resonance peaks get red-shifted with
increasing the refractive index. Besides, in the case of free
space, the extinction spectrum demonstrates four resonances:
P2 (384.2 nm), G2 (428.7 nm), C (506.5 nm), and
G1 (858.3 nm), while for νhost = 1.4 the GM resonance of the
1-st order (G1) is shifted beyond the considered wavelength
range however the 3-rd order LSP resonance appears
at 419.1 nm.

In the engineering of the optical biosensors, two values
characterizing their performance are in use: the sensitivity
and the figure-of merit (FOM) [4], [5], [17], [32], [33]. The
bulk refractive index sensitivity Sbulk = �λres/�νhost of the
optical resonance corresponds to the resonance wavelength
shift �λres obtained for the refractive index �νhost variation.
Here, it should be noted that the bulk sensitivity of the
GM resonance of the m-th order does not depend on the
refractive index changes and can be obtained, in the main term,
from eq. (2),

Sbulk = �λGm

�νhost
= λ

(νhost )
Gm

− λ
(air)
Gm

νhost − 1

≈ p(1 ± cos β)

m
, m = 1, 2, . . . . (3)

The FOM is defined as follows [5], [17]:

FO M = Sbulk(FW H M)−1, (4)

where FWHM is the full width at half maximum of the peak.
As visible from Fig. 9, all resonances of extinction cross-

sections are asymmetric Fano resonances. This complicates the
quantification of the line-width of each of them. As a remedy,
the extinction spectrum can be fitted with an analytical Fano
formula [34] (see Appendix A2). The Fano fitting parameters
for νhost = 1.4 are presented in Table 1 and the corresponding
fitted curve is shown in Fig. 10 by dots. Note that refractive
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TABLE I

FANO FITTING PARAMETERS

Fig. 10. Normalized extinction spectrum for the grating of N = 50 silver
strips (d = 300 nm, h = 50 nm and p = 500 nm) in the medium with
νhost = 1.4 calculated using GBC-SIE (solid curve) and the Fano fitting
curve (dotted).

Fig. 11. Resonance wavelengths as a function of the refractive index of
the surrounding medium for the same grating as in Fig. 10. Mode types are
explained in the inset.

index close to 1.4 corresponds to a typical sensing scenario of
the water solution of proteins [5].

In Fig. 11 we show the bulk refractive index sensitivities
of three resonances: C (red line), P2 (blue) and G2 (black).
As can be seen, the resonance wavelength shift dependences
are linear. The corresponding data calculated with the aid of
Figs. 9, 11 are collected in Table 2. Here the highest bulk
sensitivity is 467.5 nm/RIU for the cavity-mode resonance and
the lowest is 280 nm/RIU for the LSP-mode resonance of the
2nd order. Still the second-order grating-mode resonance G2
shows the largest value of FOM, 16.2 RIU−1, which is 6 times
larger than FOM of the P2 resonance, 2.7 RIU−1.

It is also interesting to see that, as follows from the data
presented in Fig. 12 (a), the growth of the refractive index

TABLE II

REFRACTIVE-INDEX SENSITIVITY AND FOM

OF THE C, G2 AND P2 RESONANCES

Fig. 12. (a) The normalized TSCS as a function of the wavelength
(a) and the GM-resonance wavelengths of the 1st and 2nd orders as a function
of refractive index of the host medium (b) for the H-polarized plane wave
normal incidence (β = 90°) on the grating of N = 50, d = 300 nm,
h = 50 nm and p = 500 nm.

of the surrounding medium over νhost = 1.8 spoils both the
Q-factors (i.e. the FWHM values) and the peak intensities of
the GM-resonances of both the first and the second order.

The comparison of the bulk sensitivity and FOM of the
GM-resonances of different orders (Table 3) demonstrates
that the G1-resonance is almost 2 times more sensitive to
the refractive-index changes than the G2-resonance. Besides,
the FOM value of the latter one is 1.5 times higher than of the
former. Note that here FWHM value is calculated for a fixed
refractive index of host medium, νhost = 1.4.

Note that most of the data presented in the paper have
been computed for the grating period of 500 nm. This value
was chosen after certain preliminary computations that had
shown what combination of the grating parameters was most
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TABLE III

REFRACTIVE-INDEX SENSITIVITY AND FOM OF

THE G1 AND G2 RESONANCES (N = 50)

beneficial to analyze all resonances. In particular, as at the GM
resonance the period is almost equal (at the normal incidence)
to the wavelength, and we want the wavelength to be in
the visible, period of some value between 400 and 800 is
reasonable. If this value changes, the GM resonance position
moves accordingly – this, in fact, is illustrated by the color
map of TSCS in Fig. 5 (d) where the vertical axis is for the
period changing from 300 to 650 nm.

VI. CONCLUSIONS

The optical response of the comb-like finite grating made of
silver nanostrips has been investigated in the H- and E-waves
scattering regimes. In the H-polarization, three different types
of optical resonances have been observed and analyzed:
LSP-mode resonances on each strip’s boundary,
CM resonances in the space between adjacent strips,
and periodicity-induced GM resonances, which transform to
the Bragg-effect resonances if the plane wave comes at the
grazing incidence. The GM-resonances, unlike all others,
exist in the vicinities of the corresponding Rayleigh anomalies
and split into different classes of symmetry. Their interplay
depends on the angle of incidence, the period of the grating,
and the width and thickness of each strip.

In the E-polarized plane wave scattering, it has been demon-
strated that although the metal-strip gratings do not support
LSP resonances in the optical range, in the vicinities of the
Rayleigh anomalies a rather sharp suppression in both the
scattering and absorption is observed. Under the edge-on
incidence, one of two families of RA transform to the
Bragg-effect resonances similarly to the H-case.

Thus, choosing the comb-like strip grating parameters
in optimal manner may help design periodic nanosensors,
nanoabsorbers, and surface-enhanced Raman scattering sub-
strates with improved characteristics.

Finally, the bulk sensitivities and the figures-of-merit of
all optical resonances appearing under the H-polarized plane-
wave illumination on the finite comb-like silver strip gratings
have been accurately quantified. It has been shown that the
CM-resonances are more sensitive to the bulk refractive-index
changes than the others. We have also found that the bulk
sensitivities of the GM-resonances are proportional to the
grating period and do not depend, in the main term, on the
refractive-index of the surrounding medium. What appears
important for the sensing applications, the GM-resonances
display much higher FOM values than the optical resonances
on LSP and cavity modes. This value is mostly determined by
the number of the elements in the grating.

The other important issue is fabrication, which can be hard
for such geometry with strip vertical-to-horizontal dimension
ratio as large as 6:1. Still we believe that even if at present such

Fig. 13. Real and imaginary parts of the silver permittivity as a function of
the wavelength.

“deep” gratings are at the edge of existing molecular beam
epitaxy and etching technologies they can become routine in
future and hence advance knowledge of their properties is
important.

APPENDIX A1
COMPLEX DIELECTRIC FUNCTION OF SILVER

Silver is a noble metal characterized with complex-valued
dielectric permittivity, the real part of which is negative in the
optical range. This is explained by the fact that at such high
frequencies the main contribution to permittivity is provided
by the free-electron plasma. Both real and imaginary parts of
εAg strongly depend on frequency but not on the shape of
particle provided that its minimum dimension exceeds 3 nm
and hence non-local effects can be neglected [23]. As relative
magnetic permeability remains equal to 1, such a material is
also known as “negative dielectric”.

To characterize the complex dielectric function of silver, in
the simulations εAg(λ) is frequently approximated using the
Drude formula with fitted parameters. However this formula
is able to reproduce only the real part of permittivity while
the imaginary part remains heavily erroneous. Modifications
of Drude formula can suffer of non-physical negative values
of the imaginary part of epsilon [35].

Therefore we took the experimental data (measured at
discrete wavelength) of [24] and used an Akima cubic spline
interpolation to eliminate the wiggles in the interpolant. The
wavelength dependences of real and imaginary parts of silver
on the wavelength in the visible range are shown in Fig. 13.

APPENDIX A2
FANO FITTING MODEL

In contrast to classical Lorentzian resonances, the Fano
resonance exhibits a distinctly asymmetric shape of spectrum.
As found by Fano, it can be fitted with analytical
formula [34],

σext (ω) = A0 +
∑

j

A j
(q j
 j /2 + E − E j )

2

(E − E j )2 + (
 j/2)2 , (A2)

where E j = �ω j is the energy (� is the Planck constant),
ω j is frequency, q j is the phenomenological shape parame-
ter (or Fano asymmetry parameter) of the j -th resonance
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mode, 
 j describes the corresponding resonance FWHM, and
A0, A j are the fitting constant factors.
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