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Abstract

We consider the problem of diffraction of an arbitrary
electromagnetic wave by a thin disk made from different
materials and located in free space. Here we imply a zero-
thickness perfectly electrically conducting (PEC) disk, and
also thin electrically resistive (ER) and dielectric disks whose
thickness is much smaller than the disk radius and the free
space wavelength, and also much smaller than the skin-layer
depth in the ER disk case. The method used for the modeling
1s based on the integral equation (IE) technique and analytical
regularization. Starting with Maxwell’s equations, boundary
conditions and the radiation condition at infinity we obtain a
set of coupled dual TEs (DIEs) for the unknowns and then
reduce this set of equations to the coupled IEs of the
Fredholm second kind. To verify our results we calculate the
far field charactenistics in the case of the PEC disk with the
incident field being the field of horizontal electrical dipole
located on the disk axis.

1 Introduction

The problem of electromagnetic field scattering by a thin disk
has been interested in since long ago. This 1s explained by
many different applications of this canonical shape. Besides
of traditional applications in the printed disk antennas with
PEC or ER disks, thin dielectric disk is used as a simplified
model of the tree leave [1]. Still besides, thin few-micron-
radius disks are met as resonators of semiconductor lasers
with ultralow thresholds [2]. Many methods of computational
electromagnetics have been used in their analysis, starting
from empirical methods and finishing with the method of
moments (MoM) and finite difference time domain method
(FDTD). However, the use of these methods leads to
difficulties such as prohibitively large matrices and
impossibility of estimation of the error of calculations. In
contrast, by using the method of IEs with analytical
regularization it is possible to escape these difficulties.

2 Problem statement

We consider the problem of diffraction of a given time-
harmonic electromagnetic field by a zero-thickness dielectric
disk. The geometry of this problem is illustrated in Figure 1.
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Figure 1. Disk geometry

The disk of the radius a is located in free space at the plane
{z=0). We introduce the cylindrical coordinates (7, ¢, z)

with the origin on the axis of symmetry of the disk and
denote total field as a sum of the fields scattered by the disk
and the incident one:
E=E_+E,, H=H_+H, (D
The components of the scattered field must satisfy the set of
homogeneous Maxwell equations outside the disk, the 3-D
radiation condition, the condition of local integrability of

power (edge condition), and the generalized boundary
conditions (see [3]) on the disk surface, at (z=0, r<a):
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Here, Z, is the free-space impedance, and R and § are the

electric and magnetic resistivities. For a thin dielectric disk
they are given by
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Here, 7 1is the relative impedance of the disk material,
k=wm/c is the wavenumber, g, 1s the relative permittivity,

4, 1s the relative conductivity, 4, is the wavelength in free

space, and 7 1s the thickness of the disk.
For a thin electrically resistive (ER) disk they are given by

! olo>1,
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For a zero-thickness PEC disk they are given by

R=0, S=w (6)

On the rest part of the plane (z=0) the components of the
field are continuous.

3 Basic equations

We express the scattered field components normal to the disk
in terms of the azimuth-angle Fourier series and the radial
inverse integral Hankel transform:
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where e, ,(x) and ki, ,(x) are the images of the normal to

the disk field components in the spectral domain. They are
the unknown functions to be found. Then the tangential to the
disk components can be written as follows:
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15 the kernel matrix function of the vector Hankel transform,

p=rla,=z/a and y(fc):\{(ka)z—fcz ;

On substituting (9) and (10} to (2) and continuity conditions
outside the disk, we, in general case, obtain the set of coupled
DIEs for the four unknown functions in the spectral domain:
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The obtained set of DIEs can be written in the following
abstract form:

= [ H,,(x0)- 5, (ka,x, p)- Xy (x) dx
0
where §1,2 {(ka,x, p) are singular diagonal matrix-functions

of two variables with the singular point at infinity (x =<0),
X(x) is the unknown vector-function, X,(x) is the given
vector-function. Note that the singularity of S§,(ka,x, )

leads to the limitation of X,{x) in terms of the allowed class



of functions. To solve (15), we use the method of analytical
regularization [4]. It consists of the following two parts:

First, we split the function S (ka,«, p) into the singular and
regular parts:

8, (ka,x, p) = 5y (ka i, p)+ By ki) (16)
Then (15) can be rewritten as follows:
J‘Hm(tcp)-il(ka,tc,p)-X(tc)dtc:F(p,X(...)), (17
0
where the right-hand part is
F(p.X(.)= [ H,(xp)(~P,ka,x.p)- X (x)+ as)
0

+5, (ka,xc, p)- Xo (1)) dxc

The solution of “canonical” IE is sought in the following
form:

X(W)=[E,(p)-Flp.X(Ddp (19)

0

Now we substitute expression (18) into (19) and reduce the
coupled DIEs (15) to the following Fredholm IE of the
second kind:
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Extraction of the singular part of integral operators in (12),
(13) leads to two different-type DIEs in the case of PEC
(R=0 and §S=c0) and dielectric or ER disks. Finding the

solutions 1n both cases with (m=0) is based on decupling
the DIEs by the integration in p and introduction of four (in

general case) constants of integration. This procedure leads to
the DIEs, which can be cast to the following short form:
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Such DIEs can be solved analytically by using the Abel
integral transform and inverse Hankel integral transform in
the case of §==41 or just inverse Hankel integral transform
in the case of &=0. Additional equations for finding the
constants of mtegration follow from the conditions of local
integrability of power near the disk edge.

As an example, we show the final integral equation of the
Fredholm second kind (m=0) in case when the diffraction

by the PEC disk is considered.
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Here x,,(A), ¥,(A4) are the unknown functions, 4, , B, are
the unknown constants of integration, K$™ (x, 4), GUV (k)

are the kernel functions, w(x) is the weight function, x? (1)

0

and yo(A) are the given functions determined by the

incident field, and I®*** are known coefficients.



4 Numerical results

The Fredholm second kind nature of the derived equations
guarantees the exustence of solutions of (22) and the
convergence of numerical algorithm based on any reasonable
discretization scheme. For example, it can be a simple
projection scheme with the basis functions taken as the so-
called step functions:

1 Ae[s(n-1),sm)

0 Ag[sin-1),sn) (23)
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To vernify the obtained equations we calculate the main
characteristics in the case of the PEC disk with the incident
field being the field of a horizontal electrical dipole located
on the disk axus and oriented along the line (¢ =0) . They are

the far-field radiation patterns and the total radiated power.
Besides, we calculate truncation and discretization errors in
the computation of the total radiated power.
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Figure 2a. Normalized radiation power vs. the normalized
disk radius.
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Figure 2b. Normalized radiation power vs. the normalized
disk radius.
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Normalized Racdliation Power

Figures 2a-2b show the normalized radiation power vs. the
frequency normalized by the disk radius. Here £ 1s the
normalized distance from the dipole to the disk center, frunc
is the truncation value of the domain of integration in (22)
that is adapted to the frequency as ka+5. Figures 3a-3b
show the relative computation errors given by:

Emurr = Pcurr 7Pprev /‘Pprev‘ (24)
where P,,., 1s the normalized total power at the previous

computation point, £, is the normalized total power at the

current point. Figure 4 shows the dependence of P vs. &,
which is the normalized distance between disk and dipole.
Figure 5 shows the far field radiation patterns for some
characteristic values of parameters.
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Figure 3a. Discretization error vs. the grid step.
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Figure 3b. The computation error vs. the value of truncation
of the integration domain.
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Figure 4. Normalized radiation power vs. the distance from
the disk to the dipole.
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Figure 5a. Far field radiation pattern for ka=1.
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