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We study the scattering and absorption of an H-polarized plane electromagnetic wave by a circular silver nanotube
in the visible range of wavelengths using the separation of variables. The computed spectra of the extinction cross
section display several hybrid localized surface-plasmon resonances of the dipole and multipole type. Analytical
equations are derived for their resonance wavelengths. Bulk refractive-index sensitivities of nanotube-based sensors
are determined, showing higher values for multipole resonances. © 2013 Optical Society of America
OCIS codes: (290.0290) Scattering; (240.6680) Surface plasmons; (280.4788) Optical sensing and sensors.
http://dx.doi.org/10.1364/OL.38.004978

In today’s nanotechnologies, finite-length gold and silver
nanowires are widely used as building blocks of biosen-
sors thanks to the localized surface plasmon (LSP)
resonances. In dense “bed-of-pins” sensor configurations
[1,2], only transversal LSP resonances are excited effi-
ciently. Their wavelengths are determined by the wire
cross section and the refractive index of outer medium
[3]. The simplest case is a circular wire. However, for
a silver wire in free space, the transversal LSP resonance
is located at ≈350 to 370 nm where absorption is large.
More attractive for applications are nanotubes whose
LSP resonances can be tuned to larger wavelengths by
the variation in tube thickness [4–7].
It is known that LSP modes on thin-wall metal nano-

shells display hybridization (see [8–10]). This is caused
by the surface nature of plasmon oscillations: a tube
has two boundaries, the inner one and the outer one,
each of which supports its own LSP mode of a void
and a circular wire, respectively. Still the details of
hybridization of the higher-order LSP modes remain less
studied than of the fundamental dipole plasmons. Our
aim is to clarify this effect and estimate its potential
for the sensing applications.
To analyze the nanotube resonances in detail, we con-

sider anH-polarized electromagnetic planewave normally
incident on an infinite circular silver tube of the inner ra-
dius a and thickness h [see inset in Fig. 1(b)]. Using the
classical separation of variables in the tube cross section
[11], the scattered field is found analytically in the form of
infinite Fourier series with known coefficients.
In Fig. 1, we present the visible-range spectra of the total

scattering cross section (TSCS) and absorption cross sec-
tion (ACS) of the nanotube with a � 50 nm and several
values of thickness h. Here the complex-valued dielectric
function of silver has been taken from [12], and the tube
inner material and the host medium are free space.
As one can see, if the tube thickness approaches

80 nm, there is only one well visible LSP-resonance peak
at nearly the same wavelength (≈370 nm) as for a solid
circular nanowire. In contrast, thinner tubes show
several resonances redsifted and blueshifted from the
circular-wire LSP-resonance wavelength. Note that the
absorption can serve as a finer instrument of detecting

the multipole LSP resonances than the scattering, espe-
cially in the violet part of the spectrum.

For a subwavelength-radius tube, characteristic equa-
tions for the natural mode wavelengths can be derived in
analytical form using the small-argument asymptotics of
cylindrical functions in denominators of the Rayleigh-
series solution (see [5,11]),
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Fig. 1. (a) TSCSs and (b) ACSs versus the wavelength, for an
Ag tube of the inner radius a � 50 nm in free space. For the
thickness h see the inset. Inset shows cross section of the tube.
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wherem � 1; 2;… and εout�εin� is the dielectric permittiv-
ity of the host medium (inner filling).

If the inner and outer domain refractive indices are the
same �εin � εout � ε�, then approximate wavelengths of
the LSP resonances of the azimuthal order m are found
to satisfy

εAg�λ���
Pm�≈−ε�2ε��1�h∕a�m�1�−1; m� 1;2;… (2)

For eachm Eq. (2) has two roots λ���
Pm corresponding to

the choice of the sign (�); the wavelength of each is spe-
cific for every metal and depends on the parameters ε
and h∕a. One of them is seen at a larger λ than for a solid
silver circular nanowire and the other at a smaller λ.
Equation (2) enables us to determine that three resonan-
ces marked in Fig. 1 on the red side of the solid-wire res-
onance wavelength of 350 nm are caused by the dipole,
quadrupole, and hexapole LSP modes (m � 1, 2, 3) of the
sign (−) in Eq. (2).

In-resonance magnetic near-field patterns are domi-
nated by the natural-mode contributions, see the maps
of jHzj in Figs. 2(a)–2(c). Each of them demonstrates
2m bright spots sticking to the inner and outer walls
and zero field near to median circle.

Note that the quadrupole LSP has larger Q factor than
the dipole one. This is apparently because of a larger

Fig. 2. In-resonance near-zone magnetic field patterns for an
Ag tube with a � 50 nm and h � 10 nm located in free space, at
the wavelengths of (a) λ � 545, (b) 437, (c) 392, and (d) 327 nm.

Fig. 3. Reliefs of (a) TSCS and (b) ACS as a function of the
wavelength and the nanotube thickness for an Ag tube of
the inner radius a � 50 nm.

Fig. 4. Reliefs of (a) TSCS and (b) ACS as a function of the
wavelength and the nanotube inner radius for an Ag tube of
the wall thickness h � 10 nm.
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number of the electric-field minima around the tube (at
the locations of the magnetic-field maxima) that damps
the absorption.
For comparison, Fig. 2(d) presents near field at 327 nm

corresponding to the most blueshifted peak in Fig. 1. This
peak is the combined contribution of three hybrid LSP
modes corresponding to the sign (�) in Eq. (2) and
m � 1, 2, 3, with the dipole one dominating.
Closer study reveals that each of the above-mentioned

nanotube modes at λ���
Pm is a hybrid mode or supermode

(in the same sense as for microcavities [13]). They are
built on optically coupled in-phase or antiphase LSP
modes of the indexm of the outer boundary and the inner
(void) boundary. Note that their quality factors are differ-
ent, Q���

m ≫ Q�−�
m .

To illustrate the optical response of a silver nanotube
in a more complete manner, we present, in Fig. 3, the
reliefs of TSCS and ACS versus two variables, λ and
the wall thickness, for a silver nanotube with the fixed
inner radius of 50 nm.
Here, the minimum thickness is taken as 10 nm to jus-

tify the neglect of the nonlocal effects in silver. According
to [6,14], such effects become significant in the metal
particles smaller than 3–5 nm.

As one can see, the reliefs of TSCS andACS showbright
“ridges” as contributions of the higher-order LSP modes
P�−�
m with m � 2, 3 in addition to the principal LSP mode

P�−�
1 . The contributions of all blueshifted hybrid LSP

modes P���
m merge together into one high-Q ridge. The

white dotted lines show the values of resonance λ that
satisfy quasi-static equation (2); they agree within 10%
margin with the full-wave data if a� h ≤ 50 nm.

In Fig. 4, we show similar reliefs of TSCS and ACS
computed for the silver nanotube with the wall thickness
of 10 nm and varying inner radius. If a > 80 nm, then even
the octupole LSP becomes visible on the ACS relief and
three plasmons P�−�

1;2;3 are present on both the ACS and

Fig. 5. Reliefs of ECS (a) as a function of the wavelength and
the wall thickness, for a nanotube with a � 50 nm, and (b) as a
function of the wavelength and the inner radius, for a nanotube
with h � 10 nm. Silver nanotube has a glass core and is
immersed in water, as explained in text.

Fig. 6. Reliefs of ECS as a function of λ and the outer medium
refractive index, for a nanotube having the wall thickness h �
10 nm and the inner radius (a) a � 80, (b) 50, and (c) 20 nm.
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TSCS reliefs for all values of the inner radius. The quasi-
static approximations to λ�∓�

Pm are shown by white dots.
Having basic properties of a silver nanotube in free

space clarified, we can better understand the optical
response of a core-shell nanowire—silver nanotube filled
with material εin and placed into medium εout.
In this case, a more general equation than Eq. (2) is

εAg�λ���
Pm�≈−

�εin�εout�
2

ξm�
��εin�εout�2

4
ξ2m−εinεout

�1∕2
;

(3)

where ξm � �1� γ2m�∕�1 − γ2m�, γ � a∕�a� h�,
m � 1; 2;…
Keeping also in mind that, in the measurements, it is

difficult to separate the scattered power from the ab-
sorbed power, we present the reliefs of the extinction
cross section (ECS), which is the sum of TSCS and ACS,
see Fig. 5 [white dots satisfy Eq. (3)]. As realistic values
of material parameters, in these computations we took
εin � 2.25 for a glass core and εout � 1.96 for a water-like
host medium [2,6].
Finally, we assess the two most important character-

istics of a nanosensor: the bulk sensitivity S of the refrac-
tive index

��������
εout

p
and the figure-of-merit (FOM) F , which

is S divided by the full width of resonance at the half-
peak level, W (see [1,2]).
In Fig. 6, we present the reliefs of ECS for glass-core

sensors immersed into a medium with refractive index

varying from 1 to 2. Multimode response caused by
the higher-order hybrid antiphase LSP modes is excel-
lently visible. In the most typical scenario, we can
assume that the analyte refractive index is close to 1.4,
which corresponds to a water solution of proteins (see
[2]). The corresponding values of S, W , and FOM
extracted from these reliefs are shown in Table 1.

As visible, the best bulk refractive-index sensitivity of
265 is associated with the quadrupole LSP resonance P�−�

2
on the silver nanotube with an 80 nm glass core, and the
best FOM of 7.2 with the same LSPmode on a 20 nm core.
The multipole sensors are generally preferable to the
dipole-based ones. Note that the sensitivity can be raised
if the sensed material additionally fills the core of the
nanotube [2].
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Table 1. Sensitivities of Hybrid LSPs

a, LSP Type S, nm/RIU W , nmat R:I: � 1.4 FOM

80 nm, P�−�
1 188 330 0.6

P�−�
2 265 100 2.7

P�−�
3 185 33 5.6

P�−�
4 140 30 4.7

50 nm, P�−�
1 225 203 1.1

P�−�
2 190 50 3.8

P�−�
3 125 25 5

20 nm, P�−�
1 157 75 2.1

P�−�
2 94 13 7.2
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