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Abstract—We considered the scattering and absorption of the H
and E-polarized plane waves by an infinite flat graphene strip grat-
ing placed in a dielectric slab, in the THz range. Accurate numerical
treatment was based on the singular integral equations and their
projection to specially tailored orthogonal polynomials. The result-
ing numerical algorithm possessed guaranteed convergence and
provided controlled accuracy. Reflectance, transmittance, and ab-
sorbance were studied, and the resonances on the surface-plasmon
modes, the grating modes, and the slab modes were identified.
The grating or lattice modes are caused by the periodicity. Their
complex frequencies are extremely close to Rayleigh anomalies
and therefore the Q-factors are extraordinarily high, which makes
them promising in various applications.

Index Terms—Graphene strip grating, integral equation, plas-
mon and grating resonances, scattering.

I. INTRODUCTION

W E STUDIED the scattering and absorption of THz waves
by an infinite flat grating of graphene strips, embed-

ded into a dielectric slab as depicted in Fig. 1. It is known
that the graphene is a few-atom layer of carbon that possesses
good electron conductivity that is a function of the frequency,
temperature, electron relaxation time and chemical doping [1].
Therefore it can be modeled, even at optical wavelengths, as
a zero-thickness imperfect conductor. Worth noting is that this
is not possible with many commercial electromagnetic codes,
which need introduction of 1 or 2 nm thickness. This leads to
numerical inaccuracies and worsens the code performance.

Perhaps the most interesting electromagnetic properties of
graphene are found in THz frequency range [2]–[12]. Thanks to
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Fig. 1. Cross-sectional geometry of the plane-wave scattering by a graphene
strip grating, embedded in the middle plane of a dielectric slab.

the strongly inductive character of graphene’s conductivity, it is
able to support surface-plasmon waves at the wavelengths two
orders of magnitude larger than the noble metals.

The most attractive for applications feature of graphene is the
ability to change its conductivity under external electrostatic
biasing field, which modifies graphene chemical potential. In
practical realization, this can be achieved by placing a layer
of metal or semiconductor below the dielectric substrate which
supports graphene, and introducing a DC bias.

The patterned graphene, i.e. finite-size structures like strips,
disks and more complicated flat shapes offer more degrees of
freedom in the design of tunable infrared and THz frequency se-
lective surfaces, plasmonic waveguides, electric switches, sen-
sors, antennas, and absorbers [2]–[7].

Here, the periodic arrays of graphene strips have already at-
tracted great amount of research efforts as promising frequency-
selective surfaces and efficient absorbers in the THz frequency
range. Infinite gratings of coplanar graphene strips were ana-
lyzed by the Fourier expansion method [4], [5] and commercial
solver [6], and bad convergence was admitted in the H-case
although the surface-plasmon resonances were found and cor-
rectly identified in the scattering and absorption.

Still the Fourier method fails to deliver more than a few cor-
rect digits as it is divergent in the case of H-polarization, and
commercial solvers are also vulnerable for convergence. As we
will see further, if a grating is embedded in a thin slab, new ex-
traordinarily high-Q resonances appear. Their trusted modeling
makes the use of more sophisticated techniques mandatory. Ac-
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curate results serving as reference data were published in [11]
and [12] for graphene-strip gratings in the free space. These
papers worked with singular IEs for the currents on strips;
the hyper-type singularity in the H-case was identified as the
source of divergence in Fourier-expansion method and com-
mercial solvers. This trouble was overcome with the aid of the
Nystrom-type discretization and Chebyshev quadratures in [11]
and the method of analytical regularization (MAR) in [12]. In
either case the convergence was guaranteed by mathematical
theorems; the results were identical.

Unlike [12], our version of MAR technique was a MoM-
like treatment based on the projection of relevant IEs on a set
of orthogonal polynomials adapted to the edge behavior of the
unknown surface current [13]–[15]. This projection combines
discretization and regularization in one operation and leads to
convergent algorithm, as explained in contributing conference
papers [16]–[18]. Here we present briefly this technique and
focus on the results of modeling, which we extended to the
E-polarization case, and draw deeper conclusions.

In the remainder of the paper, we formulate the scattering
problem and briefly present the basic IEs in Section II. Then, in
Section III, we explain the essentials of the numerical solution
algorithm. Section IV discusses all details of the obtained nu-
merical results. Conclusions are summarized in Section V. Note
that we considered time-harmonic waves with the e+jω t time
dependence, where ω is the cyclic frequency.

II. PROBLEM STATEMENT AND BASIC EQUATIONS

Cross-section of the analyzed scattering problem is shown
in Fig. 1. Identical zero-thickness strips had the widths 2w and
were located in the middle plane of the slab of the thickness
h, i.e. at x = h/2, with the period d. The incident plane wave
propagated in the plane of cross-section of the grating under
the angle ϕ counted from the negative ray of the x axis. The
scattered field function had to satisfy the Helmholtz equation
and the imperfect-conductor boundary condition imposed on
each strip surface [1] - see (1), shown at the top of the page.

Here Z = 1/σ is the surface impedance of graphene (i.e.
frequency dependent complex-valued resistivity), σ is the sur-
face conductivity, the notations ± indicate the limiting values at
x → h/2 ± 0, the index T means vectors tangential to the strips,
and �x is the unit vector normal to the strip.

The condition (1) is actually the same as used earlier in
the analysis of resistive strip gratings at microwaves [19]–[21].
Still the microwave resistivity of a thinner-than-skindepth metal
strip was assumed a real constant while graphene’s resistivity in
THz range is a complex value (also called surface impedance),
strongly dependent on the frequency. In our work, we used
the widely accepted model based on the Kubo formulas –
see Section IV-D. Note that between 0.1 and 10 THz the intra-
band conductivity dominates strongly over the interband one.

Besides of (1), other necessary requirements are the edge
condition, which limits possible field singularity at the strip
edges, and the radiation condition at x → ±∞ [13]–[18]. The
latter condition means that the field out of the slab with grating
must carry the power only away from it.

Under these conditions, the solution to the scattering problem,
i.e. the total electromagnetic field, U = Uinc + Usc , is unique.
Here U means Ez or Hz , depending on the polarization, and the
incident field is Uinc = e−jk0 (xcosϕ+y sinϕ) , where k0 = ω/c is
the wavenumber and c is the free-space light velocity.

From the Floquet theorem, it follows the quasi-periodicity
of the total field: U(x, y + d) = e−jβ0 dU(x, y), β0 = k0 sinϕ,
due to which the scattered field can be expanded as

Usc(x, y) =
∞∑

l=−∞

{
ρE ,lΦE ,l(x), E−pol

ρH,lΦH,l(x)/jξ0 , H−pol

}
e−jβl y , (2)

where ρE (H ),l are unknown coefficients, βl = β0 + 2πl/d, and
ΦE (H ),l(x) are expressed using the characteristic functions of
the dielectric slab (see notations in [14]) and includes Floquet
wavenumbers in the free space α0l = (k2

0 − β2
l )1/2 and in the

slab α1l = (εrk
2
0 − β2

l )1/2 . Besides, from the radiation condi-
tion it follows that either Re α0l ≥ 0 or Im α0l ≤ 0.

On introducing the function �Jc(y), which stands for the
current density, we can write the first of equations (1) as
�ET (x, y) = Z �Jc(y). To satisfy the Helmholtz equation, the sec-
ond of (1), and the radiation condition, Usc can be sought as
a double (in H-case) or a single-layer (in E-case) potential. In
either case the unknown density function of such potential is
the surface current �Jc(y), which can be expanded into Fourier-
Floquet series like (2).

Substituting them the into the first of (1), we arrive at IE,

(Z/ζ0)FW (s) +
∫ 1

−1
KW (s, t)FW (t)dt = Gw (3)

where ζ0 =
√

μ0/ε0 is the free space impedance, W = E, H.
The unknown functions FW (t), the driving functions GW , and
the kernel functions KW (s, t) are expressed as follows:[

FE (s)

FH (s)

]
= ζ0

[
Jc

z (y)

Jc
y (y)

]
ejβ0 y ,

[
GE

GH

]

=

[
Epr

z (xp, y)

Epr
y (xp, y)

]
e−jβ0 y , (4)

{
KE (s, t)

KH (s, t)

}
=

j

2

∞∑
l=−∞(even){
(k0w/π)χE,lΓE ,l/2

Δ(εrk0d)−1χH,lΓH,l/2

}
ejl(t−s)Δ , (5)
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Here y = ws, y′ = wt and Δ = πw/d. Functions Epr
y ,z de-

note the primary field in the absence of the strips (with slab
present), and functions χE (H ),l and ΓE (H ),l/2 are expressed us-
ing the characteristic functions of the dielectric slab with the
thickness h. These and other notations can be found in [14].

III. REGULARIZING MOMENT-METHOD ALGORITHM

Taking account of the surface-current edge behavior as
Jc

z = O(1) and Jc
y = O(r1/2) if the distance to the edge r → 0

(see [22]), we project each current to the set of orthogonal
polynomials as basis functions, FE (t) =

∑∞
n=0 fE ,nPn (t) and

FH (t) =
√

1 − t2
∑∞

n=1 fH,nUn−1(t), in the E- and H-cases,
which are the Legendre polynomials and the Chebyshev polyno-
mials of the second kind, respectively. They are further used as a
full-wave Galerkin basis to discretize IE (3). Hence, we multiply
both sides of (3) with Pm (s) (in E-case) or Um−1(s)

√
1 − s2 (in

H-case) and integrate it from −1 to 1 with respect to s. This pro-
jection brings us to the following two infinite matrix equations,
where m = 0, 1, 2, ... and m = 1, 2, 3, ..., respectively:

∞∑
n=0

(δmn + κE,mn ) fE ,n = ζ0/ZGE (2m + 1)δm0 , (6)

∞∑
n=1

(δmn + κH,mn ) fH,n = πw̃(2n)−1GH δm1 , (7)

κE,mn =
ζ0k0w

πZ
(2m + 1)jn−m+1

×
+∞∑

l=−∞
(even)

χE,lΓE ,l/2jm (lΔ)jn (lΔ) (8)

κH,mn =
Zw̃

ζ0n
κ̃H,mn − Δ2 χ̃H,0

2n
δm1δn1 − 2mjn−m

×
+∞∑

l=−∞
(l �=0)

χ̃H,l
Jm (lΔ)Jn (lΔ)

l2
(9)

κ̃H,mn = 0 if m + n is odd or [1 − (m − n)2 ]−1

− [1 − (m + n)2 ]−1 if otherwise, w̃ = j4k0wεr/π, δmn
is Kronecker’s delta, and Jm and jm are usual and
spherical Bessel functions, respectively. As the property∑+∞

n,m=0(1) |κE (H ),mn |2 < ∞ holds, then (6) and (7) are the
Fredholm second-kind matrix equations [23]. This guarantees
the convergence of numerical results when (6) or (7) is trun-
cated to finite order (the internal sums are convergent and must
be calculated with a superior accuracy).

IV. RESONANCES AND NEAR FIELD PORTRAITS

First of all, we present in Figs. 2 and 3 the frequency scans,
in the THz range, of the transmittance (T), reflectance (R) and
absorbance (A) in terms of power for the graphene-strip grating
suspended in the free space (dashed lines) and embedded into a
dielectric slab (solid line).

Fig. 2. The frequency spectra of the transmittance, reflectance, and absorbance
for one-layer graphene strip grating with the strip width 2w = 20 μm and
the period d = 70 μm embedded in the dielectric slab with εr = 2.25 and
h/d = 0.5 (solid curves) and in free space (dashed curves) under the normal
incidence (ϕ = 0o ) of the unit-amplitude H-polarized plane wave. Graphene
parameters are τ = 1 ps, μc = 0.39 eV and T = 300 K. Resonances on the
natural modes are marked with arrows.

Fig. 3. The same as in Fig. 2 however for the E-polarization case.

The grating is illuminated by the normally incident H and
E-polarized plane waves of unit amplitude, respectively. To cal-
culate the frequency-dependent surface impedance of graphene,
we used the Kubo formulas (see Section IV-D).

The truncation orders of the matrix equations (6) and (7)
and those of the corresponding Floquet series expansions of the
field components and surface currents were adapted to provide
5-digit or better accuracy of computations.

A. H-Polarization Case

In this case the E-field vector lies in the cross-sectional plane
of the grating that is necessary condition to observe the surface-
plasmon resonances. Indeed, in Fig. 2 one can see intensive
resonances denoted as P1 , P3 , and P5 , which are the resonances
on the surface-plasmon modes excited on every strip. They are
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Fig. 4. Near field pattern in the plasmon resonance P1 at f = 1.77742 THz
at a single period. The strip is shown as a white box, and slab’s boundaries are
given by black lines. Other parameters are the same as in Fig. 2.

Fig. 5. Near field pattern in the plasmon resonance P3 at f = 3.481960 THz.
Other parameters are the same as in Fig. 2.

best visible on the absorption spectrum as the slab is assumed
lossless; the most intensive is the lowest in frequency resonance
on the mode P1 around 1.8 THz. This is almost exactly ε

−1/2
r

times the corresponding frequency, 2.7 THz, of the free space
case.

The nature of these modes can be understood if one considers
them as Fabry-Perot standing waves formed by the surface-
plasmon natural wave of a graphene layer bouncing between the
strip edges [24], [25]. This is supported by Figs. 4–6 showing
the near-field portraits of the absolute value of the magnetic
field. The normalized propagation constant of that wave, γplas ,
is found analytically using the condition (1),

γplas = [1 − (2/σζ0)2 ]1/2 (10)

The corresponding approximate characteristic equation is

sin(Reγplas2k̃w) = sin
(
Re[1 − (2/σζ0)

2 ]
1/2

2k̃w
)
≈ 0,

(11)
where k̃ is k0 for the grating in free space and k0ε

1/2
r in a slab.

The roots of (11) determine the natural frequencies of the
plasmon modes whose fields are symmetric and antisymmetric

Fig. 6. Near field pattern in the plasmon resonance P5 at f = 4.621172 THz.
Other parameters are the same as in Fig. 2.

with respect to the strip middle point. Their indices are odd
(n = 1, 3, . . .) or even (n = 2, 4, . . .) numbers, respectively,
and then the approximate resonance condition is

f (P )
n ≈ cn/(4wε1/2

r Reγplasm ). (12)

More details on the approximate analysis of the single
graphene strip resonances Pn and their sensitivities to the
changes of host medium bulk refractive index can be found
in [25], [26]. In the THz range, the Q-factors of plasmon modes
on graphene microstrip have medium values, Q(P )

n ≈ 10 ÷ 100.
As the plots in Fig. 2 correspond to the case of the normal

incidence, only the odd-index surface-plasmon resonances are
excited. This is because the incident wave is symmetric rela-
tively to the strip middle point while the natural fields of the
even-index modes are anti-symmetric relatively to that point
and hence their excitation needs inclined incidence.

Besides of them, in the presence of a dielectric slab one can
see much sharper spikes on the so-called grating (a.k.a. lattice)
modes G1 , G2 and G3 , predicted in [27] (they exist even if strips
are PEC [28]). For experimental observation of them in the visi-
ble range on arrays of metal particles, see [29]. Under the normal
incidence, the grating modes have the frequencies controlled by
the period and the slab parameters. Namely, they are shifted from
the free-space Rayleigh anomalies by the frequency-dependent
factor γH

0 (1 < γH
0 < ε

1/2
r )

f (GH )
n ≈ cn/(dγH

0 ) (13)

The value γH
0 is the normalized propagation wavenumber of

the principal H-type guided mode of the dielectric slab. Thus,
if the slab thickness or contrast gets larger (or smaller), the
grating-mode frequencies tend to the Rayleigh anomalies of the
slab material (or of the free space) and eventually vanish there
if the host medium becomes homogeneous.

Note that the near-field portraits in the grating resonances,
shown in Figs. 7 and 8, are drastically different from the field
portraits in the plasmon resonances (compare to Figs. 4–6).
Instead of sticking to the strips, the field hot spots form ex-
tended shapes across the whole slab cross-section and even
stretching far away from the slab to the free space. This field
pattern is caused by the periodicity as explained in review [27];
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Fig. 7. Near field pattern in the grating resonance GH ,1 at f = 4.27427 THz
at three periods of grating. Other parameters are the same as in Fig. 2.

Fig. 8. Near field pattern in the grating resonance GH ,2 at f =
7.353566 THz. Other parameters are the same as in Figs. 2–6.

note that direct relatives of the grating-mode resonances are the
Bragg resonances in the scattering by finite periodic scatterers.
If the slab is lossless, their Q-factors are controlled by the slab
thickness mainly, Q

(GH )
n = O(d8/h8), so that in our example

Q
(GH )
n ≈ 100 ÷ 1000.
Finally, additional family of low-Q resonances can be seen

that appears only for a grating embedded into a slab. Close
inspection shows that their frequencies are dependent mainly
on the slab thickness and its dielectric constant,

f (S )
n ≈ cn/(hε1/2

r ) (14)

and their Q-factors are low, Q
(S )
n ≈ 1 ÷ 10. These are the reso-

nances on the modes of the bare dielectric slab as a Fabry-Perot
etalon, S2,3,4 , slightly perturbed by the presence of the grating.
Their near-field portraits are presented in Figs. 9–11. Note that
the lowest resonance of that type, S1 , is fully overshadowed by
the higher-Q plasmon resonance P1 .

B. E-Polarization Case

In the E-polarization case, the THz-range transmittance, re-
flectance and absorbance of the same graphene-strip grating

Fig. 9. Near field pattern in the slab resonance SH ,2 at f = 4.148 THz at
three periods of grating. Other parameters are the same as in Figs. 2–7.

Fig 10. Near field pattern in the slab resonance SH ,3 at f = 7.2 THz. Other
parameters are the same as in Figs. 2–8.

Fig. 11. Near field pattern in the slab resonance SH ,4 at f = 10 THz. Other
parameters are the same as in Figs. 2–9.

embedded into a dielectric layer are shown in Fig. 3. Here, the
E-field vector was parallel to the strips, in which case a sheet
of graphene cannot support surface-plasmon waves. Thus, the
frequency dependences of T, R and A for a suspended grating of
strips (dashed curves) do not display any resonances. Only the
±1 − st and ±2 − nd Rayleigh anomalies at 4.2 and 8.4 THz
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Fig. 12. Near field pattern in the grating resonance GE ,1 at f =
3.3834576 THz. Other parameters are the same as in Fig. 2.

Fig. 13. Near field pattern in the grating resonance GE ,2 at f = 6.103 THz.
Other parameters are the same as in Fig. 2.

are seen as sharp bends of the plots at the wavelengths being
entire divisions of the period (here the derivatives of the curves
of T, R and A in frequency loose continuity).

In contrast, for the grating embedded into the slab, the
resonances on the grating modes G1 , G2 , and G3 appear.
Their frequencies are given by approximate formula like (13)
where one has to replace γH

0 with the similar quantity γE
0 for

the principal E-type guided mode of the dielectric slab. They
are more shifted from the free-space Rayleigh anomalies be-
cause 1 < γH

0 < γE
0 < ε

1/2
r at any frequency. Note that their

Q-factors are superior over the other resonances, although they
are less sharp than in the H-polarization case. The near-zone
E-field patterns in the grating-mode resonances are shown in
Figs. 12 and 13 and demonstrate the same features as in H-
case.

Besides, low-Q resonances on the dielectric slab modes
S1,2,3,4 appear at the frequencies (14) (identical for both
polarizations at the normal incidence), which depend on slab’s
thickness and dielectric constant (see Figs. 14–16).

C. Polarization Discrimination

As one can see, the position of the first plasmon resonance
P1 depends on the strip width. At the lower frequencies, say

Fig. 14. Near-field pattern in the slab resonance SE ,1 at f = 1.606 THz.
Other parameters are the same as in Fig. 2.

Fig. 15. Near field pattern in the slab resonance SE ,2 at f = 4.3042 THz.
Other parameters are the same as in Fig. 2.

Fig. 16. Near field pattern in the slab resonance SE ,3 at f = 7.174 THz.
Other parameters are the same as in Fig. 2.

below 0.5 THz for the strip width 2w = 20 μm (exact value
depends on μc and εr ), a graphene-strip grating embedded into
a slab displays rather good polarization discrimination in usual
sense. This is traditional Hertz effect: H-wave is transmitted and
E-wave is reflected (although absorption is significant).
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Fig. 17. Color maps (reliefs) of the reflectance as a function of the frequency
and the relative permittivity of the dielectric slab in the case of H-wave (a) and
E-wave (b) incident normally on the grating-in-slab. Parameters of the slab and
the graphene-strip grating are the same as in Figs. 2–16.

Still note that the first plasmon mode P1 destroys the Hertz
effect and actually creates the opposite situation: at the first-
plasmon frequency, E-wave is transmitted and H-wave is re-
flected although its absorption is comparable to reflection. The
latter effect can be potentially used in the design of tunable
polarizers in applications not very critical to losses.

These considerations are even better understandable if the
reflectance is presented as a color map of the function of two
variables, frequency and, say, slab’s dielectric permittivity. Such
maps, for two polarizations, are shown in Fig. 17. Here the
bright red “ridges” correspond to high reflectance; they stretch
according to the approximate formulas (12)–(14). The insets
demonstrate the details of the resonances on the grating modes,
which make so narrow and sharp ridges that they are hardly
resolved without a 10-fold zoom.

D. Role of Electron Relaxation Time

The authors of [30] attracted our attention to the role of the
electron relaxation time in the THz response of the patterned
graphene. According to them, the value of 1 ps is on the higher
edge of realistic variation domain. Therefore we studied the
effect of τ on the resonance effects.

Fig. 18. The frequency dependences of the transmittance (a) and absorbance
(b) for a flat graphene strip grating with the strip width 2w = 20 μm and
the period d = 70 μm embedded into a dielectric slab with εr = 2.25 and
h/d = 0.5 under the normal incidence (ϕ = 0o ) of the unit-amplitude H-
polarized plane wave. Graphene parameters are μ = 0.39 eV and T = 300 K.

Note that the Kubo description tells that graphene’s conduc-
tance is a sum of the intraband and interband terms,

σ(ω, μc , τ, T ) = σintra(ω, μc , τ, T ) + σinter(ω, μc , τ, T ).
(15)

In the THz range, two terms of (15) can be simplified and
cast to the following form [25]:

σintra =
−jq2

e kB T

π�2(ω − jτ−1)

(
μc

kB T
+2 ln

[
1+exp

(
− μc

kB T

)])
,

(16)

σinter 
 −jq2
e kB T

4π�2

(
2|μc | − (ω − jτ−1)�
2|μc | + (ω − jτ−1)�

)
, (17)

where qe is the elementary charge, � is the reduced Plank con-
stant, and kB is the Boltzmann constant. Slightly different ap-
proximate expressions for these values can be found in literature,
e.g. in [1]; still they yield similar numerical results.

In the THz range, the intraband conductivity (16) is 1–2 orders
larger than the interband one (17). As one can see from (16),
the electron relaxation time is responsible for Reσintra . Hence,
the value of τ should influence the surface-plasmon modes Pn

excited on each strip of the grating.
In Fig. 18, we presented T and A scans for a grating-in-slab

in the THz range, computed for τ = 1 ps and τ = 0.3 ps. As
expected, such reduction of electron relaxation time led to the
30% drop of the P1 dip. All higher-order low-Q resonances
P3,5,7,9 got spoiled and remained visible only in the absorption.
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In contrast, the sharp resonances on high-Q grating modes
were only slightly affected by the smaller relaxation time. This
was apparently because they were caused by the periodicity. The
low-Q resonances in T on the slab modes (absent for A) were
intact, especially in the higher THz range.

V. CONCLUSION

We presented results of the accurate numerical analysis, us-
ing the IE-based method, of the scattering and absorption of
THz waves by a graphene-strip grating embedded into a loss-
less dielectric slab. Both the E- and H-polarization cases were
considered and revealed the potentialities of the discrimination
between two polarizations.

Besides of the resonances on the surface-plasmon modes
known in the H-polarization, we quantified, apparently for the
first time, the resonances on the grating modes and the slab
modes. Note than the grating-mode resonances do not appear
on a graphene-strip grating suspended in the free space ([1],
[11], [12]). However they exist on such grating in any thin
dielectric slab and possess far superior Q-factors. In the E-
polarization case, plasmons are absent however both the grating-
mode and the slab-mode resonances are present. These results
can be useful in the development of novel tunable filters, sensors,
absorbers and polarizers incorporating periodically patterned
graphene.

We would like to emphasize that although the resonances
on the grating modes can be apparently found with less ad-
vanced numerical methods, such as Fourier method, and with
rough commercial codes, the use of more accurate techniques
is mandatory. This is because Q-factors of the grating modes
become extraordinarily high (106 and higher) if the dielectric
slab is moderately thin, say, 1 μm. It means that 6 and more cor-
rect digits in the numerical solution should be delivered, that is
beyond the capabilities of the mentioned non-convergent meth-
ods. In contrast, the presented advanced algorithm can easily
perform such analysis; moreover, it can serve as a core of effi-
cient numerical optimization code in the computer-aided design
of such devices.
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