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Abstract—This paper considers the scattering of an H-polarized
plane wave by a freestanding periodic grating that contains two
circular cylinders on each period, one made of silver and the other
of dielectric. If such a grating is made of deeply subwavelength
wires, the reflection and transmission coefficients demonstrate both
plasmon and grating resonances. To clarify them, we also discuss
the scattering by similar gratings made of either silver or dielec-
tric wires only. However, the main attention is paid to the associ-
ated lasing eigenvalue problem for the dielectric cylinders pumped
to become quantum wires, i.e., to obtain a “negative-absorption”
complex refractive index. The analysis is done using a meshless
analytical-numerical method with guaranteed convergence. The
computations show that, in this composite periodic cavity, mate-
rial thresholds of lasing for the grating modes can be much lower
than for the plasmon modes.

Index Terms—Gratings, lasing, nanowires, plasmons, scattering,
threshold.

I. INTRODUCTION

TRULY nanoscale lasers were recently demonstrated in the
form of a random ensemble of spherical gold particles,

each of 14-nm diameter and coated with a spherical layer of
dye-doped silica [1]. Other configurations of lasers actively
discussed today are rather subwavelength than truly nanosize,
as they use the lowest modes of semiconductor disks or short
rods encapsulated into metal cases [2]–[4]. The nanowire and
photonic-crystal nanodefect-cavity lasers are even further from
the nanoscale because one or two of their physical dimensions
are of the order of several microns; hence, they are rather micro-
lasers with nanoscale features. In fact, the only physical mech-
anism able to provide a confinement of light on the nanoscale
is the localized surface-plasmon resonance. Still as the output
power generally scales with the device size, and because the
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Fig. 1. Geometry of infinite binary grating of circular cylinders (wires) made
of materials with different refractive indices.

noble-metal cores or shells have considerable losses, one of
discussed ways today to build a practical device is to assemble
elementary nanolasers in groups or arrays. Such an arrangement
obviously leads to the microscale dimensions along at least one
coordinate. However, it brings new physics in the form of dif-
ferent resonances caused by the periodicity. Therefore, the aim
of this paper is the quantification and comparison of the thresh-
olds of the natural modes of a laser configuration with deeply
nanoscale elements: a binary grating made of circular wires of
two types (see Fig. 1), one silver and the other a dielectric-with-
gain or a quantum wire (QW).

Although such a laser also has two physical dimensions larger
than nanoscale, it can be viewed as a 2-D analog of a binary
chain of silver particles and quantum dots. A study of infinite
grating is also important as a theoretical limiting case for finite
gratings of many nanoscale elements.

Existing technologies enable the manufacture of active re-
gions in semiconductor microcavities shaped as cascaded quan-
tum wells and, since recently, as periodic arrays of QWs. If
pumped, such wires can display an inversed population of carri-
ers that can be expressed as negative absorption or bulk material
gain. It is known that lasing occurs on discrete frequencies, as-
sociated with the natural modes (a.k.a. the eigenmodes) of the
optical cavity, if the pump power is above the threshold. There-
fore, lasing can be studied as an eigenvalue problem, modified
for the presence of the active region. This problem is referred
to as a lasing eigenvalue problem (LEP) and has been discussed
in [5], [6]. We will apply this formalism to the study of config-
uration of Fig. 1.

Here, the analysis of the auxiliary problem of the scattering
of light is important. This is because it reveals the natural-mode
resonances in the scattering characteristics, and thus provides

1077-260X/$31.00 © 2012 IEEE



1840 IEEE JOURNAL OF SELECTED TOPICS IN QUANTUM ELECTRONICS, VOL. 18, NO. 6, NOVEMBER/DECEMBER 2012

initial-guess approximations for the numerical search of LEP
eigenvalues in the presence of QWs. In turn, the analysis of the
scattering by gratings made of only dielectric or silver wires is
instrumental in the understanding of binary grating.

Although numerous publications have studied the classical
transmission and reflection of plane waves by infinite gratings
of passive dielectric and metallic wires of circular cross sec-
tion (for instance, see [7]–[9]), the first direct mention of the
so-called grating resonances close to (however never coinciding
with) the Rayleigh anomalies occurred in [10]–[12]. More re-
cently, we have studied the associated LEP for the lasing modes
of an infinite grating made of circular QWs [13]. We found a
nonobvious effect: the lowering of the lasing thresholds of the
grating modes in the periodic structure if the wire radius de-
creases or, equivalently, the relative volume of the active media
gets smaller. Additionally, a grating of quantum wires has lower
lasing thresholds for the grating modes in the H-polarization
case; this is explained by the nonmagnetic nature of QWs.

For a grating of silver wires, the plane-wave scattering anal-
ysis shows coexistence, in the visible range, of the low-quality
single-wire plasmon resonances and the high-quality collective
ones, i.e., the grating resonances [14]. In particular, by tuning
two resonances nearer to each other one can observe a great
variety of Fano shapes in the reflectance spectra.

Here, we investigate a novel type of periodic resonator by
placing silver and dielectric wires of nanoscale diameter in one
period. For the silver nanowires, the values of the bulk material
refractive index in the visible band are taken from [15] and inter-
polated using cubic splines. The LEP is formulated by adding
a negative imaginary part (lasing threshold γ) to the bulk re-
fractive index of dielectric wires and seeking it jointly with the
lasing frequency σ. We call these values the LEP eigenpairs;
they are discrete and each of them corresponds to a specific
mode. If the wires diameter is deeply subwavelength, then the
modes connected with the electromagnetic field locked inside
one cylinder in free space are absent (have very high thresholds),
and only the modes caused by the periodicity of the grating and
the plasmonic nature of silver are relevant. To find the initial-
guess values for the LEP eigenpairs, we use the frequencies
of high reflection in the auxiliary scattering problem where the
refractive index of the dielectric wires remains real valued.

The remaining part of this paper is structured as follows. In
Section II, we present the formulation, the basic equations, and
a short review of the obtained numerical results for the plane-
wave scattering problems associated with passive wire gratings.
Section III addresses the LEP for a binary grating of silver wires
and QWs. Conclusions are collected in Section IV.

II. SCATTERING BY PERIODIC GRATINGS

A. Scattering Problem Formulation

Consider a grating made of circular cylinders (wires) in free
space lying in parallel to the z-axis and periodically along the
x-axis with period p (see Fig. 1). If there is a single cylinder
per period, then we denote its radius as a and its refractive in-
dex as ν. Otherwise these parameters obtain indices 1 and 2.
The field is assumed time harmonic as ∼ exp(−iωt) and does

not vary along the z-axis, so the field analysis is 2-D. Keeping
in mind plasmon resonances, we investigate the scattering of
the H-polarized plane wave incident from the upper half-space
along the y-axis. The function U , denoting the Hz component
of the electromagnetic field, must satisfy the Helmholtz equa-
tion with appropriate wavenumber inside and outside of cylin-
ders, the Sveshnikov radiation condition at infinity [16], [17],
the condition of local integrability of power, and the boundary
conditions demanding continuity of the tangential field compo-
nents at the wire boundaries. As we consider normal incidence,
then the Floquet theorem tells that the scattered field is a pe-
riodic function of x with period p: U(x, y) = U(x + p, y). In
this case, we can investigate the field just within one cell of the
grating. The free space wavenumber is k = ω/c = 2π/λ, where
c is the free-space light velocity and λ is the wavelength, while
inside the cylinders it is kν1,2 . In this paper, we will also use the
normalized frequency, σ = p/λ = kp/2π.

B. Basic Equations

Consider at first a grating with identical wires. The field in
the vicinity of the cylinder is naturally expanded into angular-
exponent series with the cylindrical functions in coefficients
(inside the wires the Bessel functions and outside the Hankel
functions of the first kind) [7]–[9], [13], [14]. However, such
series are not a convenient tool for large values of the variable
|y|.

Therefore, the Poisson summation formula is applied to cast
the series into the exponentially convergent series in terms of the
Floquet harmonics [7]–[9]. Then, the field function in the upper
and lower half-spaces (out of the grating domain) is presented
in the following way:

U±(x, y) =
+∞∑

s=−∞
f±

s eik(πs x+τs |y |) , ±y > d (1)

πs =
s
σ

, τs = (1 − π2
s )1/2 (2)

and width d corresponds to the strip containing all wires.
Considering the field near a single cylinder, we can see that it

consists of two components: first the incident field and second
the field scattered from the rest of the infinite chain of wires, i.e.,
from all cylinders except the one considered. Combining and
matching these fields, we find that the vector of the expansion
coefficients X of the field scattered by a single wire of the
infinite chain satisfies the matrix equation

(I − J−1 · S · L · J) · X = S · J−1 · P (3)

with

L = [Lm−n (2πσ)] (4)

S(ν, a) =
[
− ν−1Jm (ka)J ′

m (kνa) − J ′
m (ka)Jm (kνa)

ν−1Hm (ka)J ′
m (kνa) − H ′

m (ka)Jm (kνa)
δm
n

]

(5)

P = [(−1)m ] (6)

J = [Jm (2πσ)δm
n ] (7)
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where δm
n is the Kronecker symbol, and the matrix L consists

of the lattice sums, which provide a rapid way of summing the
slowly converging Hankel function series (for details see [18],
[14]). This matrix reflects the periodic nature of the grating and
depends only on the value σ = p/λ. The matrix S corresponds to
the scattering of the plane wave by a single cylinder in free space
with radius a and refractive index v. The vector P corresponds
to the incident plane wave. Besides, we establish the expressions
that transform the expansions of the scattered field in terms of
the Fourier–Hankel series to those in terms of the Floquet series

f± = F± · J · X (8)

F± = (πσ)−1 [(−iπn ± τn )m ]. (9)

Note that the matrix (3) is identical to those used in [13], [14],
but written in operator notation. It differs from the equations
used in [7]–[9] by the involvement of the diagonal matrix J .
This guarantees the satisfaction of the Fredholm conditions and
hence the convergence of numerical solution.

The values of reflectance and transmittance can be obtained
using (1) as follows:

R =
∑

s<σ

τs |f+
s |2 , T =

∑

s<σ

τs |δ0
s − f−

s |2 (10)

and absorbance can be obtained from the optical theorem (power
conservation law) as A = 1 − R − T .

C. Plane-Wave Scattering Characteristics

At first, we investigate a dielectric-wire grating in free space.
The relief in Fig. 2(a) shows the variation of the reflectance
of such a grating with period p = 400 nm and wire refractive
index ν = 2.48 as a function of the wavelength and the wire
radius. Here, the bright ridges mark the resonances of enhanced
reflection. If the wire radius gets smaller, the most intense of
them tend to the multiples of the value σ = 1 or λ = p. These
are the grating resonances [10]–[14]. Though Fig. 2(a) shows
two distinct grating resonances near λ = p, we investigate the
first one as it shows a longer “life” before disappearing in the
branch point σ = 1. It corresponds to the eigenmode whose
H-field is symmetric across the x-axis [13]. The main feature
of this grating resonance is that the total field rises not just in
the vicinity of the wires but also between them. In the grating
resonance near to σ = 1, the Floquet harmonics of the first
orders dominate greatly, |f±

±1 | = O(QG ) � |f±
s �=±1 | (QG � 1

being the quality factor [14]), and therefore the near field is

U(x, y) ≈ f±
±1 cos(kπ1x) ≈ QG cos

(
2πx

p

)
. (11)

Such a pattern is seen on the near-field portraits in Fig. 2(b)
and (c). In (b), a spot of high intensity between cylinders appears,
and in (c) the standing wave (11) is clearly visible.

The silver-wire grating is investigated using the same equa-
tions as for the dielectric one except that the refractive index for
the wires is taken from the experimental data of [15].

The relief of reflectance in Fig. 3(a) shows the interaction
of two kinds of resonances: the plasmon resonance observed

Fig. 2. Relief of reflectance of the normally incident plane wave for the
dielectric-wire grating with ν = 2.48 and period p = 400 nm (a) as a func-
tion of the wire radius and the wavelength. The near field patterns for
the grating resonance corresponding to (b) a = 60 nm, λ = 434.8 nm and
(c)a = 40 nm, λ = 401.3 nm.

near the wavelength of λ ≈ 340 nm, and the grating one near
λ = p = 400 nm. Together they form a wide spectral band of
high reflectance followed by an abrupt drop (a sort of double-
extremum Fano-shape dependence). More results on this effect,
with a deeper discussion, can be found in [14].

The associated relief of absorbance in Fig. 3(b) gives addi-
tional information. The absorbance is high if the ratio of the
silver-wire radius to period is large and the wavelength is in the
violet, where bulk losses in silver are larger. The two resonances
mentioned earlier are also clearly visible. Note that in-resonance
absorbance is quite comparable to reflectance.

The near field patterns are shown for the wires of radius
a = 50nm in the plasmon resonance at λ = 340 nm and in
the grating one at λ = 399 nm. In the first resonance, we see
the concentration of the field on the upper side of the wires that
faces the incident wave. In addition to the main (zero) diffractive
order, here the ±1st Floquet harmonics are also propagating as
λ < p. The pattern in the second resonance is reminiscent of
Fig. 2(c) in the sense of forming a cosine-like field pattern, but
because of the presence of absorption it is more intense in the
upper half-plane.

These interesting resonance effects of the two different grat-
ings obviously merge together in the scattering by a binary
grating shown in Fig. 1. As the geometry of the elementary
cell is involved in (3) through the operator S, one should only
modify this operator to analyze such a modified grating. We
can derive the required scattering matrix for several cylinders
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Fig. 3. (a) Reliefs of reflectance, and (b) absorbance of a plane wave normally
incident on the silver-wire grating and the near field patterns for a = 50 nm at
the wavelengths of (c) λ = 340 nm and (d)λ = 399 nm.

in free space following the approach presented in [19]. Assume
that there are two wires per period having radii a1 and a2 , their
centers are located at 	r1,2 = (r1,2 , φ1,2) with respect to the cell
origin, and their refractive indices are v1 and v2 , respectively.
Then, S should be replaced in (5) with

S̄ = β0,1 S̃
1 + β0,2 S̃

2 (12)

S̃1 = (I − S1α1,2S
2α2,1)−1S1(β1,0 + α1,2S

2α2,1) (13)

S̃2 = (I − S2α2,1S
1α1,2)−1S2(β2,0 + α2,1S

1α1,2) (14)

where Si = S(νi, ai) is still given by (5), and if the wire material
is silver, then ν = ν(λ). Furthermore

αi,j = [Hn−m (k|	ri − 	rj |)ei(n−m )Arg(	ri −	rj ) ] (15)

β0,i = [Jn−m (k|	ri |)e−i(n−m )Arg(	ri ) ] (16)

βi,0 = [Jn−m (k|	ri |)ei(n−m )Arg(	ri ) ]. (17)

Fig. 4. (a) Reliefs of reflectance and (b) absorbance of the binary grating
of silver and dielectric wires with p = 400 nm. Silver wire is placed at r1 =
100 nm, φ1 = 0, and a1 = 50 nm. Dielectric wire with index ν = 2.48 is at
r2 = 100 nm, φ1 = π , and has varying period a2 .

First, we investigate the structure where the two wires are
placed in the plane of the grating with p = 400 nm. The silver
wire has a fixed radius, a1 = 50 nm, and is placed 100 nm
to the right of the cell center, i.e., r1 = 100 nm, φ1 = 0. The
dielectric cylinder with varying radius a2 has its center at r2 =
100 nm, φ2 = π. The reliefs of the dependences of reflectance
and absorbance on a2 and wavelength λ are shown in Fig. 4(a)
and (b), respectively. Here, one can see that the reflectance
behavior inherits all the resonances mentioned before for the
two different gratings of identical wires. Still their interaction is
far from obvious.

We have also investigated the case of wires being rotated
around the cell origin. The reliefs of reflectance and absorbance
as a function of the wavelength and their position angle are
shown in Fig. 5(a) and (b). Here, both wires have the same radii,
a1 = a2 = 50 nm, and both are placed 100 nm away from the
cell center in symmetric manner. Their position is characterized
by the rotation angle φ as φ1 = φ and φ2 = π + φ. One can
see that the band of high reflectance between the plasmon and
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Fig. 5. (a) Reliefs of reflectance and (b) absorbance (b) of the binary grating
of silver and dielectric wires with p = 400 nm. Silver wire is placed at r1 =
100 nm, φ1 = φ, and a1 = 50. Dielectric wire with refractive index ν = 2.48
has its center at r1 = 100 nm, φ1 = φ + π . The wire radii are a1 = a2 = 50.

the grating resonances stays fixed for any value of the rotation
angle φ.

The grating resonances define themselves as two varying in
position ridges to the right of λ = p. Note that the resonance
on the larger wavelength disappears at φ = 0, π/2 and, π, i.e.,
if the silver and dielectric wires are in stacked and in-plane
arrangements. This can be explained if the associated mode
tends to the x-antisymmetric mode at φ → 0, π/2, and π, and
thus is not excited by the normally incident plane wave.

III. LASING EIGENVALUE PROBLEM

The classical scattering eigenproblem implies calculation of
the complex-valued natural-mode frequency as an eigenvalue
[5], [6]. Then, the imaginary part of the frequency corresponds
to the radiation losses and losses in imperfect scatterers, say,
mirrors. At the lasing threshold, the eigenfrequency should take
a purely real value; this can be achieved if one applies some
pumping necessary to create material gain and compensate for

Fig. 6. Computational errors versus the matrix truncation order N for the
components of LEP eigenvalue corresponding to the first grating mode of a
binary grating with the same parameters as in Fig. 4..

both radiation and absorption. In [5] and [6], a more straight-
forward way was proposed to study the eigenmodes of open
resonators used in lasers. Suppose the resonator has a region
filled with an active material meaning its bulk refractive index
has strictly negative imaginary part, ν = α − iγ. Then, one can
consider the modal frequency and the bulk material gain γ at the
threshold as an eigenvalue pair in the equations of the classical
problem, analytically continued to all complex-valued refractive
indices. Hence, the lasing frequency, as well as the threshold, is
obtained in one step. For more details refer to [5], [6], and [13].

For an infinite grating containing QWs, the LEP eigenvalue
pairs (λ, γ) satisfy the following determinantal equation:

det(I − J−1 · S̄ · L · J) = 0. (18)

This binary-grating equation is a generalization of that used
in [13] for the analysis of a grating of QWs in free space. Note
that, thanks to the Fredholm second-kind nature of the matrix
generating (18), the infinite-dimension determinant exists as a
function of parameters, and roots of (18) can be approached by
solving the truncated equations of progressively larger size.

This is illustrated by the plots in Fig. 6 where the relative
computational error is shown as a function of the matrix trun-
cation order N for the grating-mode frequency and threshold in
the case of all wires located in the same plane, a1 = a2 = 50 nm
and ν = 2.48.

Fig. 7 shows the plots of eigenpairs for the same variation of
geometry as in Fig. 4, i.e., for all wires placed in the same plane.
The curves in Fig. 7(a) show that the lasing wavelength of the
lowest x-symmetric grating mode in the purely QW and in the
binary gratings have almost the same values—they are hardly
distinguishable from each other. This is unlike the thresholds of
the same modes shown in Fig. 7(b), for the QW grating, they
monotonically decay if shrinking the wire radius (see [13]);
however, for the binary grating they reach a minimum value
and then start growing. The explanation can be found in the
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Fig. 7. LEP eigenpairs versus the QW radius: black line corresponds to the
grating mode for the QW grating. The colored lines are for two wires per period,
one QW and another of silver, where the first has the radius a2 varying from
100 to 20 nm and the centre away 100 nm from the origin and the silver wire
has a constant radius (see inset) and its centre is just symmetrically opposite
from origin, the period is 400 nm. The shorter curve is for the plasmon mode.

fact that in the binary-grating case the pumping of the active
dielectric cylinders has to overcome the losses in the silver
wires in addition to the radiative losses. Interestingly enough, the
minimum of the threshold is reached if the wires have roughly
equal radii.

To consider a binary grating as a photonic-plasmonic lasing
platform with nanoscale elements, it is necessary to quantify the
lasing thresholds of all possible eigenmodes of this structure.
The shorter curves in Fig. 7 correspond to the plasmon mode
(as clear from its wavelength) whose threshold happens to be
higher than for the grating mode.

Fig. 8. Same geometry as in Fig. 5: (a) lasing wavelengths and (b) thresholds
as a function of the rotation angle for the binary grating.

To compare the plasmon mode with the grating modes in more
detail, we have studied the effect of rotation of the pair of wires
around the cell center. Fig. 8 shows interesting dependences of
three different LEP eigenpairs on the angle of rotation, where
the binary-grating geometry is the same as in the plane-wave
scattering problem corresponding to Fig. 5.

Here, the lasing wavelengths enable us to easily identify the
modes: the plasmon mode keeps its wavelength near to λ ≈
340 nm, while two other modes are the grating modes because
their wavelengths are above the λ = p = 400 nmvalue. Note
that mode 1 is the same as the one studied in Fig. 7 and mode 2
is another one whose presence can be seen as a broad low ridge
in the right-lower corner of Fig. 4(a).

The lasing threshold curves follow the same tracks as the
high-reflection resonances in Fig. 5(a), as could be expected.
Mode 1 has a local minimum in the stacked arrangement case of
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φ = π/2. However, a deeper minimum lies at a different angle
of the inclined arrangement. It may be understood through the
analysis of the areas of high-intensity field near to the wires.
Note that according to (11), the x-symmetric grating-mode H-
field has a strong maximum between the wires for mode 1. As
is known, the electric field has zeros where the magnetic field
has maximum values. Therefore, placing the QWs in the middle
between the silver wires should provide a poor overlap between
the mode electric field and the active region for mode 1. Mode
2 has the opposite symmetry across the y-axis at φ = π/2, and
therefore its threshold behavior in Fig. 8(b) is different. Note
also that modes 1 and 2 display a parametric interaction under
the variation of angle φ: their wavelengths come nearer at the
same values of angle where their thresholds cross each other.

The most important observation is that the threshold for the
plasmon mode is generally some 3 to 60 times higher than for
the grating modes, at least if all wire radii are 50 nm.

Thus, the behavior of the thresholds of all three modes of a
binary grating considered here is in good agreement with the
position of QW in the corresponding near-field mode pattern
(such patterns resemble those in Fig. 3(b) and (c) because a thin
QW is a small perturbation). For the link between the overlap
coefficient and the mode threshold, see [6] where thresholds are
explained with the aid of the optical theorem applied to the LEP
solutions.

IV. CONCLUSION

We have presented results of numerical study, by a mesh-
less method with guaranteed convergence, of the behavior of
the lasing wavelengths and thresholds of the grating-type and
the plasmon-type modes in a binary grating formed of pairs of
silver and quantum wires. The main result obtained is that the
thresholds of the grating or “collective” modes can be compa-
rable to and lower than the threshold of the main plasmon-type
lasing mode associated with the noninteracting silver wires. As
we believe, this may clarify what can be expected from periodic
microlasers with nanoscale elements. Unlike a purely quantum-
wire grating, here the grating-mode threshold increases if the
radius of the QW gets smaller than a certain value depending on
the radius of the silver wire. Still in finite gratings the grating
mode thresholds can be affected by not sufficiently large number
of periods used. This question needs a further study.
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